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Uvod

Candida candidis
(Cistému vse Cisté)
Na tvod si tak trochu pripomeneme systém MATLAB. Pomocny matlabovsky skript cls
cls.m

clear; clc; close;

voldm na zacatku kazdého samostatné spustitelného kédu (programu).
Funkce struct2pairs konvertuje matlabovskou strukturu do bunééného pole dvojic nazev,
hodnota.

struct2pairs.m

function p = struct2pairs( s )
¢ = struct2cell (s);

f fieldnames(s);

p = cell(1,length(c)*2);
p(l:2:end) = f;

p(2:2:end) = c;

end

V celém textu jsou matlabovské funkce formatovany jako lstruct2pairs.m| a skripty tj. spusti-
telné programy (neni u nich tfeba zadévat parametry pro spusténi) jako pls.m. Dobrou knihou
vénujici se prostiedi Matlabu je napt. [3].

Priklad 1. Vytvorime strukturu ze dvojic, odebereme polozku se jménem id a pridame polozku
se jménem 2. Poté zkonvertujeme na dvojice a zapiSeme do souboru struct.txt

StructDemo.m

s = struct(’id’,5,’x’,pi/2,’y’,0);
= rmfield (s, ’id ") ;
s.z = exp(l);
p = struct2pairs(s);
fid=fopen (’struct.txt’,’w’);
fprintf (fid , "%6s. | %6s. | %6s\r\n’,p{1:2:end});
fprintf (fid , %6.4f, | %6.4f,| . %6.4f" ;p{2:2:end});
fclose (fid);

struct.txt

x| y | z
1.5708 | 0.0000 | 2.7183

Casto budeme pouzivat anonymni funkce ukazememe si to pro funkce jedné a dvou proménnych.
Priklad 2. Nakreslete graf mnoziny funkci pomoci prikazu feval a funkénih handli.

uvod/sl.m
addpath
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cls

fn = { ’sin’, ’cos’, ’exp’};

f = { @sin, Qcos, Qexp};

x = linspace(—1,1);

yn = zeros (length(fn),length(x));
f{end+1} = @Q(x) sin(pi*x);

vh = zeros(length(f),length(x));

for i=1:length (fn)
yn(i,:) = feval (fn{i},x);
end

for i=1:length (f)
yh(i,:) = f{i}(x);

end

subplot (2,1,1); plot(x,yn); title(’feval’);
legend (fn, ’Location’,’EastOutside ’) ;

subplot (2,1,2); plot(x,yh); title( ' f(x)’);

legend ( cellfun ( @char,f, ’UniformOutput’, 0 ),’Location’,’ EastOutside’);
print —depsc ol

feval

sin
cos
exp
f(x)
3 ‘
2 L .
sin
1b o | cos
exp
— @(X)sin(pi*x)
0
_1 L L L
-1 -0.5 0 0.5 1

Priklad 3. Vysvétlete obrazkem matlabovslou funkci meshgrid.

uvod/s2.m

addpath
cls

x = linspace (0,3,4);

y = linspace (0,3,7);

[X,Y] = meshgrid(x,y);

plot (X(:) ,Y(:) ,0")

txtx = arrayfun( @Qnum2str, X, ’UniformOutput’, 0 );
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txty = arrayfun( @num2str, Y, ’UniformOutput’, 0 );
tf:@(X)Y) [7(7X77‘7y’)’];
txt = cellfun (tf,txtx,txty, ’UniformOutput’, 0 );
h=text (X(:),Y(:), txt,
"HorizontalAlignment >, ’right’, ’VerticalAlignment’, ’top’);
legend (h,num2str (X) ,num2str (Y) , ’Location’, ’EastOutside ) ;
title (’meshgrid’);
axis equal; axis off;
print —depsc 02

meshgrid
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Priklad 4. Nakreslete graf funkce dvou proménnych.

uvod/s3.m

addpath
cls

x = linspace (0,1,21);
[X,Y] = meshgrid(x,x);
*

f =@(x,y) sin

( )i
sf = ’sin(pi*x)
(

pi*x)*cos(pi
*cos (pi*y)

vif = vectorize (sf);

F = inline (vf);

figure;
mesh (X,Y, f(X,Y)); hold on;
surf (X,Y,F(X,Y));

legend ({sf,vf});

title ("f(x,y)7);
print —depsc 03
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fx.y)

sin(pi*x)*cos(pi*y)
[ sin(pi.*x).*cos(pi.*y)

0 o

Cviceni 5. V predchozim koédu volani funkce funkce f v prikazu surf nedava ocekavany graf
(proc?). Ovérte, ze funguje tato modifikace

surf (X,Y,arrayfun ({,X,Y));

Cviceni 6. Prectéte si podrobné vsechny kédy, nezndamé prikazy najdéte v dokumentaci.
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Obycejné diferencialni rovnice



Nékerej revolver, pani Miillerova,
vam neda ranu, kdybyste se
zblaznili. Takovejch systémii je
moc.

Obycejné diferencidlni rovnice (ODR) jsou dilezité v mnoha oborech. Klasickd mechanika je
posana soustavou ODR, dalsi aplikace jsou v biologii (populaéni dynamika), statistické fyzice a
molekularni dynamice. A predevsim se numerické metody feseni ODR pouzivaji v numerickych
simulacich pri feseni evoluénich parcidlnich diferencidlnich rovnic (PDR), se kterymi budeme
pracovat ve druhé casti textu.

Existuje velké mnozstvi numerickych knihoven pro ODR. Jsou nedilnou souc¢asti obecnych
systémi numerické matematiky jako jsou IMSL, NAG. V souvislosti s revoluénim nastupem
paralenich technologii se software velmi méni. V této souvislosti zminim otevieny software
Odeint . Je moderni knihovna v jazyce C++, kterd je napsdna obecnym (generickym) zptisobem
technikou metaprogramovani s pouzitim sablon. Tato technika ptinasi vyjimecnou flexibilitu a
vykon, je mozno pouzit paralelni akceleraci s pomoci procesort pocitace (CPU) i grafické karty
(GPU). V blizké dobé se ma stat soucdsti BOOSTu.

Numerické metody pro ODR jsou soucasti systému MATLAB jako funkce z prefixem ode
(odedb, odelbs, ode23, odell3, ode23t, ode23th, ode23s) a jsou soucasti i otevienych variant
OCTAVE a SCILABu. Nasim cilem bude i poodhalit co se za_jejich implementaci skryva. Zde
nam pomuze dokumentace k MATLABu a nas zékladni text [] resp. [11, 12].


http://www.roguewave.com/products/imsl-numerical-libraries.aspx
http://www.nag.co.uk/
http://headmyshoulder.github.com/odeint-v2/
http://www.boost.org/
http://www.mathworks.com/
http://www.gnu.org/software/octave/
http://www.scilab.org/

1. Pocatecni problémy pro obycejné
diferencialni rovnice

1.1. Zakladni pojmy

1.1.1. Smérové pole

Budeme pracovat se skalarni obycejnou diferencialni rovnici prvniho radu

Yy =f(ty).

Jak vime z predmétu M3, prava strana této rovnice predepisuje v kazdém bodé [t,y] vektor
rychlosti. Smérové pole nakreslime nésledujicim matlabovskym skriptem. Sipky rychlosti v jsou
generovany vestavénou funkci quiver, ktera zobrazuje vektory véetné jejich relativni velikosti.
To je v tomto pripadé skaldrni funkce y (t) ponékud nestandardni, velikost derivace uréime jako
smérnici tsecky kterd vytvari sipku (stoupani) a tak byva zvykem kreslit tsecky stejné délky.

sl.m
cls;
Ny =1f(t,y) =y
f=0(t,y) y;
n=[10 12];
box = [-1 2 -1 1];
b = box*1.2;

axis(b); hold on;

t = linspace (box (1), box(2), n(2));
y = linspace (box(3), box(4), n(1));
% body

[T,Y] = meshgrid(t,y);

% derivace

F=1{(TY);

% vektorove pole

quiver (T,Y, ones (size (T)) ,F);
xlabel (7t 7);

ylabel ("y(t)7);

print —depsc ol
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Jako funkci f jsme vybrali velmi jednoduchou funkci f = Ay, kde A = 1. Rovnice je linearni,

snadno spo¢itdme presné (analytické) obecné feseni

y = Ny
)
y = Cexp(\t) = Ce™.
7 tohoto skriptu udélame funkci dfield, kde provedeme jisté modifikace
dfield.m

(1.1.1)

function [T,Y,F,h] = dfield( f, box, n, varargin )
opt = struct(varargin{:});
t = linspace (box (1), box(2), n(2));
y = linspace (box(3), box(4), n(1l));
[T,Y] = meshgrid(t,y); % body
F1 = ones(size(T));
F2 = £(T,Y); % derivace
F = F2;
if isfield (opt, normalize’)
nF = sqrt (F1.724F2.72) ;

F1 = F1./nF;

F2 = F2./nF;

opt = rmfield (opt, 'normalize ) ;
end
if isfield (opt, scale’)

scale = opt.scale;

opt = rmfield (opt, 'scale’);

pairs=struct2pairs (opt);

% smerove pole, skalovani

h(1)=quiver (T,Y,F1,F2, scale ,pairs{:});

h(2)=quiver (T,Y,—F1,—F2,scale , pairs{:});
else

pairs=struct2pairs (opt);

10



1. Pocatecni problémy pro obycejné diferencialni rovnice

(\(J smerove p()l()

h(1l)=quiver (T,Y,F1,F2 pairs{:});
h(2)=quiver (T,Y,—F1,—F2, pairs{:});
end
xlabel ("t ’); ylabel(’y(t)’);
end

a hned si ji zavolame v nasledujicim skriptu

s2.m
cls;
f=Q(t,y) y; %y =1f(t,y) =y
n= [10 12];
box = [-1 2 -1 1];
b = box*1.2;

axis(b); hold on;

[T, Y, F, h] = dfield(f box,n, 'normalize ’ ,true, 'scale’ ;0.5 ,...
’ShowArrowHoad , off’ "Color’,’k’);

t = linspace(b(1),b(2));

[sz]l sz2] = size(T);

plot (T,Y, +k’);

for il=1:sz1l
for i2=1:s22

plot (t,F(il,i2)*exp(t—T(il,i2)), Color’,[0.8 0.9 1]);

end

end

uistack (h(:), top’);

print —depsc 02

ktery kromé smérového pole, kresli rovnéz grafy presnych reseni pro pocatecni tlohy

y = v
y(a) = mn, (1.1.2)

kde dvojice [a,n] jsou uzly sité, kterou jsme dostaly pouzitim piikazu meshgrid. Tyto uzly
zobrazime na obrazku jako kiizek +. Presné feseni pocatecni tulohy (|1.1.2) je

~—

y =nexp(t — a).

Vysledny obréazek je zde:

11
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Vidime, ze funkce dfield kresli kratké tsecky, jejichz délku mtizeme upravit pomoci vlastnosti
scale. Volani funkce uistack nam pritom zajistilo, ze tisecky se kresli az po vykresleni feseni a
jsou tedy dobre viditelné.

1.1.2. Autonomni soustava diferencialnich rovnic

Diferencialni rovnice (n) je pres svou jednoduchost velmi dulezita, jeji feseni se tudiz stalo
tzv. elementarni (transcendentalni) funkci. Popisuje napr. model rustu populace pri neome-
zeném dostatku potravy a za absence predatorti. Parametr A je koeficient linedrni zavislosti
(prirustek populace za ¢asovou jednotku zavisi linedrné na poctu y jedinct v populaci). Slav-
ny Lotka-Volterriv model pridava interakci s predatory.F Soustava Lotka-Volterrovych rovnic
vypada takto

/
=[5 )= Sl | ey 119
kde
Y1 hustota populace koristi
Yo hustota populace predatori
o faktor mnozeni kotisti
16 koeficient predace
0 faktor ihynu predatoru
) reprodukéni mira predatorii na jednu kotist.

Model je pojmenovan po svych autorech, kterymi byli Alfred J. Lotka (1880-1949) a Vito Volterra (1860-1940).
Tento model vytvorili nezavisle na sobé v letech 1925 a 1926.

12



1. Pocatecni problémy pro obycejné diferencialni rovnice

Prava strana f(t,y) = f(y) je opét nezavisla na Case, takové soustavé se rikd autonomni sou-

stava. Tento fakt nam umoznuje vizualizovat smérové pole v roviné. Program
modifikujeme

dfielda.m

dfield.m

trochu

function h = dfielda( f1, f2, box, n, varargin )
opt = struct (varargin {: })7
yl = linspace (box (1), box(2), n(l));
y2 = linspace (box(3), box(4), n(2));
[Y1,Y2] = meshgrid(yl,y2); % uzly
F1 = f1(Y1,Y2); % derivace
F2 = £2(Y1,Y2);
if isfield (opt, normalize’)
if opt.normalize
nF = sqrt (F1.724F2.72) ;
F1 = F1./nF;
F2 = F2./nF;
end
opt = rmfield (opt, 'normalize’);
end
% smerove pole
if isfield (opt, scale’)
scale = opt.scale;
opt = rmfield (opt, "scale’);
pairs=struct2pairs (opt);
h=quiver (Y1,Y2,F1,F2,scale ,pairs{:});
else
pairs=struct2pairs (opt);
h=quiver (Y1,Y2,F1,F2, pairs {:});
end

xlabel ('y 17);
ylabel ("y_27);
end

a modifikovany skript pouziva hodnoty

cls;

Y%parametry

a=1; b=1; c=1; d=1;

% yl’ = fl1(yl,y2)

% y2' = {2(yl,y2)

f1 = Q(yl,y2) a*yl-b*yl.*y2;

f2 = Q(yl,y2) —c*y2+d*yl.*y2;

n(1) = 20; n(2) = 20;

box = [0,2.5,0,2.5];

% f=0(t,y) [f1(y(1),y(2)); f2(y(1)

% [t,y] = ode23(f,[0 6.7], [0.5; 0.5

% plot (y(:,1) y(:.2));

for k=1:2
@l ¢
axis (box); hold on;
h=dfielda (f1,f2 ,box,n, 'normalize’ , k==1,"Color’,’k’); hold on;
e =0.4:0.05:0.95;

for i=1:length (e)
eta = [e(i); e(i)];
C = eta(l)*eta(2)/exp(eta(l)+eta(2));

13
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1. Pocatecni problémy pro obycejné diferencialni rovnice

R =Q(t) t.72—4*C*exp(t);
z1 fzero (R,1);
z2 = fzero(R,3);
tau = linspace(zl,22,100);

r = sqrt (abs(R(tau)));

yl = (tautr) /2;
y2 = (tau-r) /2
plot (y1,y2);
plot (y2,y1);
end
uistack (h(:), top’);
print ('—depsc’ ,[’02a’ int2str(k)]);
end

dostaneme tzv. fazovy portrét:

25
T
] L AN
AN NN
T
AN AN
| /
2r NN AN
J AN\N N
| NN AN
; AN N
L5 NN \
1 \ \
= ‘ \ \
, )
1k
0.5F
0 Il Il Il . J
0 0.5 1 1.5 2 2.5

Soustava obsahuje nelinearni ¢len y;y,, ale pro volbu existuje explicitni parametri-
zace trajektorie Feseni viz [0], nékolik takovych trajektorii jsme si nakreslili.

Cviceni 7. Prectéte si podrobné vSechny kody, nezndmé prikazy najdéte v dokumentaci.

Cviceni 8. Zobrazte fazovy portrét pro reseni soustavy, ktera vznikne z rovnice 2. radu

/"

Yy =Yy

prepisem na soustavu dvou rovnic prvniho radu.

1.2. Explicitni Eulerova metoda (EE)

Pocatecni tlohu pro jednu obycejnou diferencialni rovnici prvniho fadu

y/ - f(tay)7
yla) = n

14



1. Pocatecni problémy pro obycejné diferencialni rovnice

resp. pro soustavu rovnic d rovnic prvniho fadu

yll = fl(t7y17"'ayd)a

yél = fd(taylu"'7yd>7
yi(a) = m,

yala) = na

budeme nejdiive aproximovat nejjednodussi explicitni Eulerovou metodou (struéné EE). Sou-
stavu lze zapsat pomoci vektora takto

/

U1 [ fl(t7y17"‘7yd)
Ya _fd(tvyla"'7yd)7
Y1 Uit
S O
Yd | "ld

a obvykle jen struéné (tu¢né pismo znaci vektor) takto

y = f(ty),

A tak jednoduché to je i s numerickymi metodami feseni, misto skalari budeme pracovat s vek-
tory. Prosté prepiseme vSechna pismena na tucéna s vyjimkou kterou tvori nezavisle proménna
t a jeji konkrétni hodnoty (zde a ).

EE metodu dostaneme napr. touto jednoduchou , kinematickou” iivahou. Nezavisle proménna
pro nas bude tedy cas, prava strana predepisuje okamzitou rychlost pohybu hmotného bodu
a vektor y je jeho polohovy vektor (radiusvektor). Diferencidlni rovnice je pohybovy zdkon,
ktery je ,infinitezimélni”, okamzita rychlost se méni spojité. V tom je pravé problém, pokud si
vyhodnotime z poc¢atecni podminky pocatecni rychlost

£(t,n)

muzeme se podle klasickych Newtonovskych predstav touto rzchlosti pohybovat jen po neko-
necné maly tj. infinitezimalni ¢asovy interval. Takhle se ale v koneéném poctu krokt nikam
nedostaneme! (viz Zenénovy aporie pohybu). Ale my to musime spocitat a tak se po maly
casovy prirustek 75 budeme touto rychlosti pohybovat. Dostaneme se do nového bodu

yi=Yo+ft,yo)0, Yo=y(a)=mn
——

rychlost*cas

a tak to budeme opakovat nez se dostaneme v ¢ase tam kam jsme chtéli (do ¢asu b ). Tak to je
pravé ta jednoduchd EE metoda:

15
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Priklad 9. Spocitejte pribliznd resent y,

1 2 3 4 5 6 7 8
Y+l Vo +f(tn, yn), Yo=y(a)=mn,
bl = to+Tn, to=a

y o= v,
1
0) = -
y (0) 5

(1.2.1)

na intervalu [a,b] = [0,1] pro déleni t = [0,0.5,0.75, 1], porovnejte s presngm resenim, spoctéte

Presné teseni je

1
y(t) = 3¢
Poc¢itame EE metodou
1
Yo = B%
1 1\°> 5
Y1 = Yo+ TOf(t07y0) = 5 + 0.5 (5) = g = 0625,
2
v2 = yi+7nflt,y) = g +0.25 (g) = % = 0.7227,
2
ys = Yo+ 1of(ta,y2) = % +0.25 (%) = 0.8532.
Vysledky usporadame do tabulky:
nlte [y [ylta) e [ren |
00 0.5 0.5 0 0
1105 |0.625 0.66667 | 0.041667 | 0.0625
21 0.75 | 0.72266 | 0.8 0.077344 | 0.09668
311 0.85321 | 1 0.14679 | 0.14679

globdlni diskretizacni chybu e,, = y(t,) —y, a relativni globdlni diskretizacni chybu re, = Ylbn)=ym

Yn

Priklad 10. Spoctéte lokdlni chyby v predchozim prikladé a ovérte, Ze globdlni chyba nevznikd
jejich prostou akumulact, nakreslete.
K tomu je potfeba spocitat presnd feseni {u,},_,,, Pocatecnich tloh

dostaneme

U, (tn)
uo (t) =
U1 (t) =
() (t) =

2
n?

Yns

= u

2.1338 — ¢’

16



1. Pocatecni problémy pro obycejné diferencialni rovnice

takze
leg er =ug(t1) — 1 = ; — g = 0.041667,
les uy (t2) — yo = 0.7407 — 0.72266 = 0.0181,
les us (t3) — y3 = 0.8820 — 0.85321 = 0.0288.
Nyni

l€1
0.0598 = leg + ley
0.0885 = 161 + 162 + 163

€1
eo = 0.077344
es = 0.14679

0.2 0.3 0.4 0.5 0.6 0.7 0.8

17



1. Pocatecni problémy pro obycejné diferencialni rovnice

0.1
0.08
0.06
0.04

0.02

1

Priklad 11. Spocitejte priblizna reseni diferencialni rovnice

y' = sin (ty)
pro pocatec¢ni podminky
ylaw) = m
ap = 0

e = 172737475

EE metodou s krokem 7=0.1na intervalu [a, b]=[0,5]. Vykreslete do spole¢ného obrézku a pfi-
dejte smérové pole.

EE.m

function [t,y] = EE(f, t, eta)

%y’ (t) =f(y,t), y(a)=eta

% f je skalarni nebo vektorova funkce
% kompatibilita s odexx

eta = eta (:);

% explicitni Eulerova metoda

Q = length(t);

y = zeros (length(eta) ,Q); y(:,1)=eta;

for n=1:Q-1

tau = t(n+1)—t(n);

y(:,n41) = y(:,n) + tau*f(t(n),y(:,n));
end
% kompatibilita s odexx
y =y
end

s3.m

cls;

18
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Matlabu vestavéné funkce ode23.
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tavy s pocate
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s4.m

v v

7zné treseni sous

15

)

05
feseni v proménnyc
1; ¢=1; d
= f1(yl,y2

Nyni se zd4, ze resit ODR je velmi jednoduché, ale neni tomu tak! Zkusime jak se EE vyrovna

s Lhotka-Volterovou soustavou.
Priklad 12. Spocitejte pribli
nakreslete graf

Y%parametry

a=1; b

cls;
% yl1°



1. Pocatecni problémy pro obycejné diferencialni rovnice

% y2’ = f2(yl,y2)

fl1 = @(yl,y2) a*yl-b*yl.*y2;
f2 = Q(yl,y2) —c*y2+d*yl.*y2;
box = [0,2.5,0,2.5];

f=a(t,y) [f1(y(1),y(2)); f2(y(1),y(2))]

a=0; b=15;

t =a:0.1:b;

eta = [0.5 0.5];

[tvy] = EE(f, t, eta);

h=plot (y(:,1),y(:,2), LineWidth’,2); hold all;
plot3(y(:,1),y(:,2),t, Color’,get(h, Color’));
[t,y] = ode23(f, t, eta);

h=plot (y(:,1),y(:,2), LineWidth’ 2);
plot3(y(:,1),y(:,2),t, Color’,get(h,’ Color’));
axis tight;

view (3)

set (geca, 'Box’, off ) ;

legend (’EE ;projekce ’,’EE’ , >0ode23, ,projekce’, 0de23’);
xlabel(’y _17); ylabel(’y 27); zlabel('t’);
print —depsc o4

EE projekce
EE

ode23 projekce
ode23

15

Cviceni 13. Kolik je kolik a kolik.

1.2.1. Rad a stabilita EE

Z teorie vime, ze Fulerova metoda pro konverguje. Ve skutec¢nosti je EE metoda zakladem
dikazu existencéni véty. V literature vénované numerickym metoddm feseni ODR, napt. [8, [10],
najdeme zajimavy odhad chyby. Nejdiive si definujme po ¢astech linearni interpolant (tzv.
Eulerovy polygony)

the1 — 1 t—1,
Yr (t) = yn+— + Yn+1

T’I’L n

pro t € [tn, tni1],

20




1. Pocatecni problémy pro obycejné diferencialni rovnice

takze y, je spojitd, po ¢astech linedrni funkce prochayejici body |[t,, y,]. Pro dostatetné jemné
déleni 7 plati

|y (£) = yr (£)] < CTimax, (1.2.2)

kde Tmax = max T, a konstanta C nezavisi na 7 , ale zavisi na odhadech pravé strany v okoli
reseni

of of
<A —| <M — | <L
|f| —_ ) ‘ 8t —_ ) ‘ay [— b
takto M+ AL
C = T (QL(b_a) — 1) .

Protoze 7 je v_tomto odhadu v prvni mocniné fikdme, ze EE metoda je prvniho fadu presnosti.

Nerovnost je podrobnéjsi formou véty o konvergenci EE, pro libovolny bod ¢ € [a, b] plati:

pri zjemnovani déleni 7 konverguje hodnota Eulerova polygonu k feseni pocatecni tlohy. To je

to co vidime na obrazcich pokud zadavame kresleni c¢arou, vidime Eulerovy polygony.
Zabyvejme se jednoduchym ale dilezitym ptikladem.

Priklad 14. Zkonstruujte posloupnost aproximujici Eulerovo ¢islo e.
Takovouto posloupnost psokytuje metoda EE, staci zvolit pocatecni ﬁlohu a polozit a =0
a 1 = 1, pfesné feseni bude y = e* a spocitat priblizné feseni v bodé x = 1. Volime tedy b = 1
a podle bude

li =e.

Jmve=c

Clen Yo lze ale vyjadrit vzorcem

Yo = Yo-1+7Yg-1=1+7)yo
= (1 +7)2yQ72 —...=(1 +T)Qy0

- re3)

Pisme n misto () a vidime slavnou posloupnost

1
lim (1—{——)”:6,
n—o0 n
kterou se snad poprvé zabyval Jacob Bernoulli.

1 A

Cviceni 15. Zkonstruujte posloupnost aproximujici ¢islo e, a obecné e”.

Priklad 16. Pouzijte odhad na udlohu ¥ = —100y, y(0) = 1, b = 1 a porovnejte se
skute¢nou chybou.
Zde je y = 7199 takze okolim feSeni miize byt ¢tverec [0, 1] x [0, 1] a odhady jsou

of of
~100y] < A=100, |=-|<M =0, |Z-|<L=100
a konstanta 0+ 1002
C = ﬁT (e!01=0 — 1) =100 (! — 1) = 2.6881 x 10

je astronomicky velka. Zvolme ) = 1000 a rovnomeérné déleni, potom odhad chyby je
2.6881 x 10*? avSak skuteénd chyba je prakticky nulova

1000
o100 _ (1 _ 100
1000

K fizeni chyby neni tedy odhad pouitelny.

= 3.7026 x 10~*

21
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Priklad 17. Nakreslete Eulerovy polygony tak aby byl zjevny jejich po_¢astech linearni cha-
rakter. Zvolte interval [a,b] = [0, 1], rovnomérné délenf 7 = 1a v rovnici [L1.] A = —4, A = —8
a A = —12 | pocatecni podminka budiz y (0) = 1.

sH.m

cls;

%y’ = la*y

fla = Q(t,y,la) la*y;
yla = @Q(t,la) exp(la*t);

a=0; b=1;

t = a:0.2:b;

tt = a:0.01:b;

eta = 1;

la = [—4,-8,—-12];
modif = [’a’ ’b’ ’c¢’];

for i = 1:length(la);
f =@(t,y) fla(t,y,la(i));
y =Q(t) yla(t,la(i));
[t,yn] = EE(f, t, eta);
clf; hold on;
hl=fill ([a t b],[0; yn; 0],’y’, edgecolor’,’k’);
h2=plot (tt ,y(tt));
z = zeros(size(t));
plot ([t; t], [z; yn’], 'k’);
h=legend ([h2,h1l], 'p\v{r}esn\’ '{e} \v{r}te\v{s}en\’’{i}’, Eulerovy polygony’);
set (h, "Interpreter ’, 'LaTeX ) ;
title ([ ’y\prime =’ int2str(la(i)) ’'y’]);
print ('—depsc’, [’05’ modif(i)]);

a(i
)1

end

y = -4y

presné feseni

[ 1Eulerovy polygony

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1
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y' = -8y
1 —
presné Feseni
(1 Eulerovy polygony
0.8
0.6
0.4
0.2

o1 02 03 04 05 06 07 0.8 0.9 1
y =-12y

presné Feseni
[ 1 Eulerovy polygony

6 I I I I I I I I I J
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Obréazky jsou docela poucné. Pro A = —4 vidime, ze priblizné feseni odpovida nasemu oce-
kavani, EE je jen prvniho fddu. ReSeni je dosti nepfesné, chyby jednotlivich kroki se vsak
kupodivu neakumuluji. Naproti tomu pro hodnotu A = —8 vidime, Ze se objevily oscilace ko-
lem presného feseni, duvodem je zdporna hodnota v, pro lichd n. Posledni pripad A = —12 je
ovsem alarmujici, kromé ocilaci vidime prudky narust chyby. A predevsim zatimco pro presné
feSeni plati lim; ., y(t) = 0 pro ptiblizné je ziejmé lim,, , |y,| = 0o ! Vime, Ze v piipadé této

23
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jednoduché linearni rovnice mé krok metody tvar

Ynt1 = (1 4+ AT) Yn.

Je potieba pohlidat aby faktor 1 + A7 nenabyval v modulu hodnot vétsich nez 1! Pravé jsme
objevili oblast stability pro EE je dana podminkou

2
Al
1.2.2. *Prakticky odhad chyby a extrapolace

Kdyz je prava strana diferenciani rovnice a feseni dostateéné hladké lze dokézat asymptoticky
odhad (viz [2])

y(t) —y-(t) =C () T+ O (%), (1.2.3)
kde funkce chyby C (¢) spliiuje linearni diferencialni tilohu
1
" = ftyt)C + §y”(t), (1.2.4)
C(a) = 0.

Priklad 18. Spoctéme funkci C' (t) pro tlohu

/

) = Y,
y(0) =1

a porovnejme s vypoctem. Pocatecni tiloha

1
C/ = —C+ éeit,
c) = 0
mé reseni
C(t) = =te ™,
takze .
y(tn) - yT<tn) ~ §tn6_t"7_-

Pocitejme EE metodou dvé priblizna feseni na dvou ekvidistatnich sitich se vzdalenosti uzli
T a?2r

Y- (tn—i-l) = Yr (tn) +7f (tna Y- (tn)) )
Yor (t2(n+1)) = Yor (th) +27f (tha Yor (t2n)) )
Y- (tO) =Yor (tO) = n

Podle mame

WO - unt) = COT+O(),
y(t) —1p-(t) = 2C () T+ O (7).
Odecteme od dvojnasobku prvni rovnice druhou a dostaneme pozoruhodny odhad
y(t) = [2y:(t) = 42-(1)] =O (72). (1.2.5)

24



Veli¢ina

je tadové lepsi
strany ve [1.2.5

1. Pocatecni problémy pro obycejné diferencialni rovnice

Y- (t)=2y:(t) — 12-(t)
aproximaci feSeni. Rikdme, Ze jsme ji ziskali extrapolaci. Zanedbanim pravé
dostavame prakticky odhad chyby ptivodni metody

y(t) - yT(t> ~ eStT<t) = y7<t) - yZT(t)a

takze
Yy (t)=y-(t) + est.(t).

7=0.1
t[yt) —y-@) [ Ste't [y(t) — e () [ 42 (D) [ y(®) —yi (@) |
010 0 0 1 0
1]0.019201 | 0.018394 | 0.020998 0.36968 | -0.0017974
21 0.013759 | 0.013534 | 0.014202 0.13578 | -0.00044384
31 0.0073959 | 0.0074681 | 0.0072068 0.049598 | 0.00018912
410.0035348 | 0.0036631 | 0.0032517 0.018033 | 0.00028309
51 0.0015842 | 0.0016845 | 0.0013759 0.0065297 | 0.00020829
6 | 0.00068174 | 0.00074363 | 0.00055907 | 0.0023561 | 0.00012267

1.3. Implicitni Eulerova metoda (IE)

Yo + Tuf(t, yni1), Yo =y(a) =n, (1.3.1)

tn+1 = tn+Tnu t():(l

Tato metoda predstavuje feseni soustavy obecné nelinearnich rovnic v kazdém kroku. Ovsem
v pripadé rovnice je to snadné

Ynt1 = Yn+/\TnYn+1

4

1
Yn+1 m}’n

Situace se stabiltou je tu zcela jina, proA < 0 je fakor m < 1 pro libovolné 7,!

ie.m

function

[t,y] = IE(f, t, eta)
%y'(t) = 1f(y,t),

y(a)=eta

% f je skalarni funkce
% implicitni Eulerova metoda

Q = length(t);
zeros (Q,1

y =
for

n=1:Q-1

tau = t(n+1)—t(n
y(n+1) =fzero (Q(

end
end

5; y(1)=eta;

) ;
z) z — y(n) — tau*f(t(n),z),y(n));

25
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Priklad 19. Porovnejte metody ve stejném grafu

s6.m
cls;
% y> = la*y
fla = Q(t,y,la) la*y;
yla = @Q(t,la) exp(la*t);
a=0; b=1;
t = a:0.2:b;
tt = a:0.01:b;
eta = 1;
la = [-4 -8 —12];
modif = [’a’ ’b’ ’¢’];
for i = 1:length(la);
clf;
hold all;
f =Q(t,y) fla(t,y,la(i));
y = @8(t) yla(t,la(i));
[t,yn] = BE(f, t, eta);
[t,iyn] = IE(f, t, eta)
plot (tt,y(tt),t,yn, *sq— yiyn, =)
betegend (‘p\v{r s - (o] v (rfelw{ejent (i} * ) EE ", TE )
set (h, "Interpreter ’, 'LaTeX ) ;
title ([ ’y\prime =, int2str(la(i)) ’'y’]);
print ('—depsc’, [’06’ modif(i)]);
end
y' =-4y
15
presné Feseni
o
0.9
0.8
0.7F
0.6
0.5
0.4r
0.3r
0.2
0.1
0
0
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15

presné feseni
—&— ERE
1IE

0.6 I ¥ I I I I I I I J
0

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

y' =-12y
4r ~

piesné Feseni
—8—EE
1E

_2k

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

1.4. TR metoda

Eulerovy metody lze odvodit z velmi uziteéné integralni formulace pocatecni ulohy

Y(tns1) = y(tn) + /t - f(z,y(x))dz.

27
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V EE nahradime urcity integral na parvé strané numerickou kvadraturou

/ sy (@) de & F (b y(t)) T = f (s )T
a v I[E zase -
/t sy (@))de = fltns y(tass))Tn ~ F(ts goss) o

Pouzitim lichobéznikového pravidla vznikne zase TR-metoda

f(tnvyn> + f(tn7yn+1)7_
2 n

/ Flay))da

f(tna Yn> + f(tn; Yn—l—l)
9 )

Yntl1 = Yn T Ta YO:}’(@):%

lht1 = tn+Th, lo=a

Tato metoda je opét implicitni. Jeji prinos je, ze je to nase prvni metoda druhého radu. Co
se tim mysli? Napisme Taylortiv rozvoj presného feseni se sttedem v bodé t,, a piSme 7 misto

Tn
2

Yltui) =y (1) +9/ () 7+ 9" (1) 5 + O (%) (L4.1)

a také Tayloriv rozvoj prvni derivace Teseni

Y(the) = ¥ () +y )T+ 0O (72)
%
Y (1) T = Y (ter1) =Y (ta) + O (77) (1.4.2)

a dosadime do

Y1) = y(tn) +y (t) T+ [y’(tn+1) —y' (t,) + O (7’2)] TLo (73)

2
"(tn) + v (tn ,
=yt + L) 2y( “)T+O(75) (1.4.3)
Pravé jsme dokazali, ze lokalni diskretizac¢ni chyba
/ tn / t'n,
lte, = y(tni1) — ¥ (tn) — ylt) +9'( +1)T =0 (7—3) g

2

takze je to opravdu metoda 2. fadu presnosti. Oblast absolutni stability obsahuje celou zapornou
realnou poloosu, pro libovolné velké 7 zlistaneme v oblasti stability.

1.5. *Taylorova metoda

Explicitni Eulerova metoda je rovnéz specialnim ptripadem tzv. metody Taylorovych rad, TS
metody prvniho fadu, zkracené TS(1) metody. Obecna TS(r) metoda je tvaru

28
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/ //7—73 (r) Tﬁ
Yot1 = Yt YnTu+¥agr +o+ ¥ yo=y(a) =n,
Yo = £(ta,ya)
"= (b ya) + B (e Yo ) €, y) (1.5.1)
yn t( nyYn y nyYn nyYn
tn+1 = tn—l-Tn, to =a

Metoda je to explicitni r-tého fadu. Aplikace je velmi sympatickda pro rovnici , kde
snadno ziskdme dalsi derivace (misto tecek) postupnym derivovanim diferencialni rovnice

Yy o= My
y// — )\y/ — /\Qy
y(r) — )\y(,r_l) — )\Ty
takze TS(r) metoda mé tvar
A7)2 Yol
Yn+1 = <1+)\7—+(2') +“'+(T'>>yn7 yOZY<a):777
Yo = [P(AT)]" 7

kde

Metoda bude absolutné stabilni, kdyz modul |P (2)| < 1.

texp.m
function [y, p] = texp( r, z, n)
if nargin==2
n=1;
end
p = zeros(l,r+1);
p(end) = 1;

for i=1:r

p(end—i) = p(end—i+1)/i;
end
if nargin==1

y = [];

return
end
y = zeros (1,n+1);
y(1) =1;
pz = polyval(p,z);
for i=1:n

y (1+1)=pz*y(i);
end
end

Priklad 20. Porovnejte metody ve stejném grafu
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s7.m

cls;

%y’ = la*y

fla = Q(t,y,la) la*y;
yla = Q(t,la) exp(la*t);
a=0; b=1;

tau=0.2;

t = a:tau:b;

tt = a:0.01:b;

eta = 1;

la = [-4 -8 —12];
modif = [’a’ ’b’ ’¢’];

for i = 1:length(la);
clf;
hold all;
£ —a(t,y) fla(t,y,la(i));
y =@(t) yla(t,la(i));
ynl = texp (3, tau*la(1),5),
yn2 = texp (6,tau*la (i) ,5);
yn3 = texp (9, tau*la(l) 5),
plot (tt,y(tt),t,ynl, 'sq t
h=legend ('p\v{r}esn\ '{e}.\

, yn 7’t7yn3 )
v
set (h, "Interpreter ’, 'LaTeX ) ;
(
(

yn2,

e o\ ls}ents 11} 7, M08(3) ", T8(6) ", "T8(9) °);
la(i)) 'y’]);

1)

)

title ([ ’y\prime =,  int2str(la
print ('—depsc’, [’07’ modif(i)

end

presné Feseni

—e— TS(3)
0.9} —%— TS(6)
TS(9)

0.8

0.7

0.6

0.4

0.3
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y =-8y
1.2
presné feseni
—=— TS(3)
—#— TS(6)
TS(9)
5 3
_02 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
y =-12y
presné feseni
—8— TS(3)
—x— TS(6)
TS(9)
-1 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
s8.m
cls;
a=-—5; b=0;
t = a:0.01:b;
hold all;
z = —1; z0 = —2;
n = 15;
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r = 1l:n;
ar = cell(n,1);
ah = zeros(n,1);
for i=r

[~,p] = texp(i);
ah(i) = plot(t,polyval(p,t));
¢ = get(ah(i), Color’);
bp = b;
pp(end) = pp(end)—z;
z0 = fzero (Q(x) polyval(pp,x),z0);
plot (z0,z, 0,  Color’ ,c);
ar{i} = [’r=" num2str(i) ' [  num2str(z0) ’,,0]’];
z = —7;
end
lh=legend (ah,ar, 'Location’,’EastOutside ’);
title (’Stabilita: $$P_r(z)=\sum_{i=0}"r, \frac{z"i}{i!}$%’, Interpreter’, 'LaTeX’)
axis ([a b =1 1]);
print ('—depsc’, '087);

Stabilita: P,(z) = Z —

il
i=0

1r @ Q@ Q
0.8
0.6
r=1[-2, 0]
04F ) r=2 [—2, O]
f r=3 [-2.5127, 0]
r=4 [-2.7853, 0]
0.2} r=5[-3.217, 0]
) r=6 [-3.5534, 0]
_ = r=7 [-3.9541, 0]
0 r=8 [-4.3136, 0]

r=9 [-4.7008, 0]

r=10 [-5.0695, 0]
-0.2r r=11 [-5.4504, 0]
r=12 [-5.8228, 0]
r=13 [-6.2005, 0]
—0.4r r=14 [-6.5742, 0]
r=15 [-6.9503, 0]

—0.6F

—0.8F
-1 L I | )
-5 -4 -3 -2 -1 0
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Ukazme si TS(r) metodu na soustavé a objasnime tak vyznam symboli v

[ fi(tyn, ye) } { ayr — Byys ]
f(t = =
(t.) | fo (Y1, ) —YY2 + dy1Yo

e - 1] -[0]
f/y(t,}’) _ fl,yl fl Y2 :| — |:a_ﬁy2 _6y1 :|

27y1 f2 Y2 6y2 -+ 5?/1
=y )y = a — ﬁyln —B’ym aYin — Bymyzn
Y y{tn: Yo )f(tn, ¥a) 0Y2.n =7+ Y1 —YY2,n + 0Y1Y2
2

Tn
Yn+1 = Yn+y;17_n+yg§7 Yo IY(Q) =1,

Dostali jsme metodu TS(2), ziskat metodu radu r je ale dosti pracné a mélo obecné (generické).

TS2.m

function [t, y] = TS2( T, t, eta)
% y'(t) = f(y,t), y(a)=eta
% T jsou Taylorovy koeficienty
% kompatibilita s odexx
eta = eta (:);
% TS(2) metoda
Q = length (t);
y = zeros (length (eta) ,Q); y(:,1)=eta;
for n=1:Q-1
tau = t(n+1)—t(n);
dy=T{1}; dy2=T{2};
y(ont1) = y(:,m) + dy(t(n) ,y (: ,n))*tau-tdy2 (¢ (n) ,y (: ,n)) *(tau"2/2)
end
% kompatibilita s odexx
y =y
end

s9.m
cls;
Y%parametry

a=1; b=1; c=1; d=1;

% yl’ = fl1(yl,y2)

% y2' = {2 (yl,y2)

f1 = Q(yl,y2) a*yl-b*yl.*y2;
f2 = Q(yl,y2) —c*y2+d*yl.*y2;
flyl = @Q(yl,y2) a—b*y2;

fly2 = @Q(yl,y2) —b*yl;

f2yl = @Q(yl,y2) d*y2;

f2y2 = @Q(yl,y2) —c+d*yl;

box = [0,2.5,0,2.5];
dy{1} = @(t,y) [f1(y(1),y(2)); f2(y(1),y(2))];

f=dy {1};

dfy = Q(t,y) [flyl(y(1),y(2)) fly2(y(1),y(2))
f2y1(y(1),y(2)) f2y2(y(1),y(2))];

dy{2} = Q(t,y) dfy(t,y)*f(t,y);

a=0; b=15;

t =a:0.1:b;

eta = [0.5 0.5];
[t,y] = TS2(dy, t, eta);
h=plot (y(:,1) ,y(:,2), LineWidth’,2); hold all;
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plot3(y(:,1),y(:,2),t, Color’,get(h, Color’));
[t,y] = ode23(f, t, eta);

h=plot (y(:,1),y(:,2), LineWidth’  2);
plot3(y(:,1),y(:,2),t, Color’,get(h, Color’));
axis tlght

view (3)

set (geca, 'Box’, off ) ;

legend ("TS(2).projekce’, ' TS(2)’, ode23 projekce’,’0de23");
xlabel (’y_17); ylabel(’y _27); zlabel(’t’);

print —depsc 09

TS(2) projekce
TS(2)
ode23 projekce
ode23

15

1.6. Explicitni Runge-Kuttovy metody

Explicitni Runge-Kuttovi metody, kratce RK metody, jsou praktickou alternativou Taylorovych
metod. Patii mezi né EE metoda, ktera je soucasné Taylorovou metodou prvniho radu. Uvedme
si dalsi jednoduchou RK metodu, tzv. prvni modifikaci EE metody, zkracené EM1 metodu

kl - f(tn7Yn)
T, T,
ky — f(tn Tn g4 )
2 + 5 Yo+ 5 <1
Vot1 = Yo+ 7k, yo=y(a)=n,
thy1r = tn+Th, To=a

34




1. Pocatecni problémy pro obycejné diferencialni rovnice

Rozvinme presné feseni tlohy

y(tn) = Un

do Taylorovy rady
2
Tn

Veli¢ina y,11 je ovSsem také funkci 7,, a ma zase tento Tayloriv rozvoj

2| +0 (),

Tn
Y(tn + 7o) = Yo + Tn [f(tnv Yn) + fi(tn, yn)? + fz;@nv Yn) 9

Vzhledem k tomu, ze ki = f (t,,y,) jsou tyto rozvoje az do druhého fadu totozné! EM1 me-
toda spocte y, 1 se stejnym Tadem presnosti jako TS(2) metoda, avsak bez potieby derivovat
soustavu diferencidlnich rovnic! Misto toho vyhodnocujeme pravou stranu kromé bodu [t,,, y,]
jesté v bodu [t, + 2, yn + 2ki].

Cviceni 21. Nakreslete si v matlabu smérnice kja ko pro tlohu .

Butcher.m

function tab = Butcher( name )
names = {’EE’,’EM1’, ’EM2’ ,'R2’,’R3’,’cRK4’ , ’BS32’ ,’DP54’ , "F87 "’ };
if nargin==
if nargout==1
tab = names;
return;
end
disp (’Zadejte, jednu,z, metod: ")
for i=1:length (names)
disp (names{i});

end
return ;
end
switch name
case 'EE’
tab.a = {};
tab.c = {};
tab.b = 1;
tab.s = length(tab.b);
case 'EM1’
tab.a = {[];1/2};
tab.c = [0, 1/2];
tab.b = [0, 1];
tab.s = length(tab.b);
case 'EM2’
tab.a = {[];1};
tab.c = [0, 1];
tab.b = [1/2, 1/2];
tab.s = length (tab.b);
case ’'R2’
tab.a = {[];2/3};
tab.c = [0, 2/3];
tab.b = [1/4, 3/4];
tab.s = length (tab.b);
case ’'R3’
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tab.a = {[];1/2;[0 3/4]};
tab.c = [0, 1/2, 3/4];
tab.b = [2/9, 1/3, 4/9];

tab.s = length(tab.b);
case ’'cRK4’
tab.a = {[];1/2;[0 1/2];[0 0 1]};
tab.c = [0, 1/2, 1/2, 1];
tab.b = [1/6, 1/3, 1/3, 1/6];
tab.s = length (tab.b);
case ’'BS32’
tab.a = {[];1/2:[0 3/4];(2/9, 1/3, 4/9]};
tab.c = [0, 1/2, 3/4, 1];
tab.bl = [7/24, 1/4, 1/3, 1/8];
tab.b2 = [2/9, 1/3, 4/9, 0];
tab.E = tab.b2—tab.bl;
tab.s = length(tab.E);
tab.pow = 1/3;
case 'DP54’
tab.a = {[];1/5;[3/40, 9/40];[44/45, —56/15, 32/9];...
[19372/6561, —25360/2187, 64448/6561, —212/729];...
[0017/3168, —355/33, 46732/5247, 49/176, —5103/18656];...
[35/384, 0, 500/1113, 125/192, —2187/6784, 11/84]};
tab.c = [0, 1/5, 3/10, 4/5, 8/9, 1, 1];
tab.bl = [5179/57600, 0, 7571/16695, 393/640, —92097/339200, 187/2100,
1/40];
tab.b2 = [35/384, 0, 500/1113, 125/192, —2187/6784, 11/84, 0];
tab.E = tab.b2—tab.bl;
tab.s = length(tab.E);
tab.pow = 1/5;

tab.B = ...
[1, —183/64, 37/12, —145/128
0, o0, 0, 0
0, 1500/371, —1000/159, 1000/371
0, —125/32, 125/12, —375/64
0, 9477/3392, —729/106, 25515/6784
0, —11/7, 11/3, —55/28
0, 3/2, 4, 5/2];
case 'F&7’
F87
otherwise
disp ( ’Neznama, metoda ’)
end
end

F87.m

tab.c = [ 0, 1/18, 1/12, 1/8, 5/16, 3/8, 59/400, 93/200, 5490023248/9719169821,
13/20, 1201146811/1299019798, 1, 1]
tab.a = { []; 1/18;
(1/48, 1/16];
[1/32, 0, 3/32];
[6/16, 0, —75/647 75/64];
[3/80, 0, 0, 3/16, 3/20];
[29443841/614563906 0, 0, 77736538/692538347, —28693883/1125000000,
23124283/1800000000];
[16016141/946692911, 0, 0, 61564180/158732637, 22789713/633445777,
545815736/2771057229, —180193667/1043307555];
[39632708/573591083, 0, 0, —433636366/683701615,
—421739975/2616292301, 100302831,/723423059, 790204164/839813087,
800635310/3783071287];
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[246121993/1340847787, 0, 0, —37695042795/15268766246,
—309121744/1061227803, —12992083/490766935, 6005943493/2108947869,
393006217/1396673457, 123872331/1001029789];

[—1028468189/846180014, 0, 0, 8478235783/508512852,
1311729495/1432422823, —10304129995/1701304382,
—48777925059/3047939560, 15336726248/1032824649,
—45442868181/3398467696, 3065993473/597172653];

[185892177/718116043, 0, 0, —3185094517/667107341,
—477755414/1098053517, —703635378/230739211, 5731566787/1027545527,

5232866602/850066563, —4093664535/808688257,
3962137247/1805957418, 65686358/487910083];

[403863854/491063109, 0, 0, —5068492393/434740067,
—411421997/543043805, 652783627/914296604, 11173962825/925320556,
—13158990841/6184727034, 3936647629/1978049680,
—160528059/685178525, 248638103/1413531060, 0];

[ 13451932/455176623, 0, 0, 0, 0, —808719846,/976000145,
1757004468/5645159321, 656045339/265891186,

—3867574721/1518517206, 465885868/322736535, 53011238/667516719,

2/45, 0]
}s

tab.bl = [ 14005451/335480064, 0, 0, 0, 0, —59238493/1068277825,

181606767 /758867731, 561292985/797845732, —1041891430/1371343529,

760417239/1151165299, 118820643/751138087, —528747749/2220607170, 1/4];
tab.b2 = [ 13451932/455176623, 0, 0, 0, 0, —808719846/976000145,

1757004468 /5645159321, 656045339/265891186,  —3867574721/1518517206,

465885868/322736535, 53011238/667516719, 2/45, 0];

tab.E = tab.b2—tab.bl;
tab.s = length(tab.E);
tab.pow = 1/8;

RKStep.m

function ynl = RKStep( yn, f, t, tau, but )
if isfield (but, 'b2)
ynl = RKStep2( yn, f, t, tau, but );
return;
end
s = length (but.b);
k = zeros(length(yn),s);
k(:,1) = f(t,yn);
for i=2:s
y = k(:,1:i—1)*but.a{i}’;
k(:,i) = f(t+tau*but.c(i) ,ynttau*y);

end
ynl = yn + tau*k*but.b’;
end
RKStep2.m
function [ynl, estn, k] = RKStep2( yn, f, t, tau, but, k1l )

s = length (but.bl);

k = zeros(length(yn),s)

if ~exist(’kl’,’var’) |
k(:,1) = f(t,yn);

else

k(:,1) = k1;

| isempty (k1)

1 S
y = k(:,1:i—-1)*but.a{i}’;
k l) = f(t+tau*but.c(i) 7yn+tau*y);
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ynl = yn + tau*y;
if nargout>1
estn = tau*k*but.E’;

end
s10.m
cls;
omega = 1;
% yl> = fl1(yl,y2

box = [a,b,—1.1 11]
b = hnbpace(a b,3);
eta = [ 17 ]7

Q = length(t);

y = zeros (2,Q);
y(:,1) = eta

names = Butcher;
hold all;

tt = linspace(a,b);
PG = tt(end —1:1);

fill ([tt rt], [cos(tt)—tol cos(rt)+tol],[0.95 0.95 0.95], EdgeColor’, 'none’);
plot(t cos(t),’—i—k’)'
s = 0;
leg = {’cos(t)+/—tol’ ’cos(t)’};
for iname=1:length (names)
but = Butcher (names{iname}) ;
if but.s<=s
continue ;
else
= but.s;
end

leg = {leg{:} names{iname}};

for i=2:Q

tau = t(i)-t(i-1);

v(:,i) = RKStep(y (:,i—1),f,t (i), tau,but);
end

plot (t,y(1,:),%0=");
end
axis (box);
legend (leg {:}, Location’,’EastOutside ") ;
print —depsc 010
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cos(t)+/-tol
+  cos(t)
—66—EE
—— EM1
—&—R3
—&— cRK4
—&— DP54
DP87

1.6.1. Adaptivni integrace

intadapt.m
function [tout,y] = intadapt(but,f,t,y0,opt)
if nargin = 4
opt = odeset () ;
end

pow = but.pow;
% maximalni delka kroku
taumax=odeget (opt , "MaxStep ) ;
if isempty (taumax)

taumax = (t(2) — t(1))/2.5;
end ;
% pocatecni delka kroku
tau=odeget (opt, 'InitialStep ’);
if isempty (tau)

tau = (t(2) — t(1))/50;

if tau>0.1

tau=0.1;
end ;
if tau>taumax
tau = taumax;

end ;
end ;
% relativni tolerance
tol=odeget (opt, 'RelTol ") ;
if isempty(tol)

tol = 1.e—6;
end ;
t0 = t(1);
tfinal = t(2);
t = t0;

% minimalni delka kroku
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taumin = 16*eps;
x = y0(:);
tout = t;
y =x.7;
kl = [];
% hlavni smycka
while (t < tfinal) & (tau >= taumin)
if (t + tau) > tfinal
tau = tfinal — t;
end ;
[yl, est, k] = RKStep2(x,f,t,tau,but,kl);
% odhad chyby
Error_step = norm(est, ' inf’);
Error_tol = tol*max(norm(yl,’ inf’) ,1.0);
% akcepujeme reseni
if Error_step <= Error_ tol
t =t + tau;
x = yl;
tout = [tout; t];
y = [Y7 %o ’]Q
= k(:,end);
end ;
tau = min(taumax, 0.9*tau*(Error_tol/Error_step) pow);
end ;
if (t < tfinal)
disp (’Selhani, ... ")
end ;

s14.m
cls;
omega = @( ) exp(t);
% yl’ = fl(yl,y2)
% y2’ = f2(yl,y2)
f—@(t y) [v(2); —omega(t) 2%y(1)];
a=0; b=pi;
box = [a,b,—1.1,1.1];
eta = [ 1; 0];
i=1;
for name={’'BS32’,’DP54°  ’F87’}
but = Butcher (name{1});
[t,y] = intadapt(but,f [a b], eta);
subplot (3,1,1);
plOt(taY(:v]-)v"77);
title (name{1});
i = i41;
end
print —depsc ol4
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BS32

0 0.5 1 15 2 2.5 3 3.5
DP54

0 0.5 1 1.5 2 2.5 3 3.5
F87

1.6.2. Husty vystup

RKDenseStep.m

function ydense = RKDenseStep( yn, t, tau, timespan, B, k )
po = size (B,2);
tt = timespan(t<timespan & timespan<=t+tau);
q = (tt—t)/tau;
lqg = length(q);
Q = zeros (po,lq);
Q(1,:) = q;
for i=2:po
Q(i,:) = a.%Q(i—1,:);
end
y = repmat(yn,1,1q);
ydense = y+tau*k*B*Q;
end

rk45.m

function [tout,y] = rk45(f,tspan,y0,opt)
dense = length (tspan)>2;
but = Butcher ('DP547);
t = [tspan (1) tspan(end)];
if nargin = 3

opt = odeset () ;
end
pow = but.pow;
% maximalni delka kroku
taumax=odeget (opt , "MaxStep ’) ;
if isempty (taumax)

taumax = (t(2) — t(1))/2.5;
end;

41



1. Pocatecni problémy pro obycejné diferencialni rovnice

% pocatecni delka kroku

tau=odeget (opt, 'InitialStep ’);
if isempty (tau)
tau = (t(2) — t(1))/50;
if tau>0.1
tau=0.1;
end ;
if tau>taumax
tau = taumax;
end ;
end ;
% relativni tolerance
tol=odeget (opt, 'RelTol ") ;
if isempty(tol)
tol = 1.e—06;
end ;
t0 = t(1);
tfinal = t(2);
t = t0;
% minimalni delka kroku
taumin = 16*eps;
x = y0(:);
tout = t;
y =x.7;
kl = [];
% hlavni smycka
while (t < tfinal) & (tau >= taumin)
if (t + tau) > tfinal
tau = tfinal — t;
end ;
[yl, est, k] = RKStep2(x,f,t,tau,but,kl);
% odhad chyby
Error_step = norm(est, ' inf’);
Error_tol = tol*max(norm(yl, inf’) ,1.0);
% akcepujeme reseni
if Error_step <= Error_ tol
if dense
y = [y; RKDenseStep( x, t, tau, tspan, but.B, k ) ’];
else
y = ly; y1.’];
end
t =t 4+ tau;
tout = [tout; t];
x = yl;
kl = k(:,end);
end ;
tau = min(taumax, 0.9*tau*(Error_tol/Error_step) pow);
end ;
if dense
tout = tspan;
end
if (t < tfinal)
disp (’Selhani, ... ")
end ;

s15.m

cls;
omega = @
% yl> = f
% y2’ =1

t) exp(t);
(y1,y2)
(y1,y2)

— =

[\)
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f =Q(t,y) [y(2); —omega(t) 2%y (1)];

S=dsolve ('D2y+exp (t) 2*y’,’y(0)=1,Dy(0)=0","t");
sol=matlabFunction (S) ;

a=0; b=3*pi/2;
box = [a,b,—1.1,1.1];
eta = [ 1; 0];

tspan = b*(1—exp(—linspace (0,3.2,301)))/(1—exp(—3.2));

[t,y] = rkd5(f, tspan, eta);
[t1,y1] = oded5(f, tspan, eta);

yexact = sol(tspan);

plot (tspan,y(:,1) ,tspan,yl(:,1), 0’ ,tspan,yexact, +);

print —depsc olb
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1.7. Adamsovy metody

Adams.m

function [B, M, c¢] = Adams( k )
g = zeros (1,k+1); g(1)=1;
cg = ones(k+1,1);
bd = [1 —1];
B = cell (k+1,1);
B{1} = 1;
for i=1:k
cg(i) = 1/(i+1);
g(i+l) =1 — g(i:—1:1)*cg(1l:1);
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B{i+1}=[B{i} 0] + g(i+1)*bd;
bd = [bd 0] — [0 bd];

end

M= cell(k,1);
bd = [1 —-1];
M{1} =

gs = g;

¢ = zeros (1,k);
for i=1:k

g(i+l) = gs(i+1l) — gs(i);
M{i+1}=M{i} 0] + g(i+1)*bd;

bd = [bd 0] — [0 bd];

tmp = —abs (M{i+1}(end));

c(i) = tmp/(abs(B{i+1}(end))—tmp);

end
B(end) = [];
M(end) = [];
end

ABStep.m
function [ynl, fi] = ABStep( yn, f, fi, t, tau, b )
ynl = yn + tau*fi*b’;
fi(:,2:end) = fi(:,1l:end-1);
fi(:,1) = f(t+tau,ynl);
end

sll.m

cls;
omega = 1;
% yl' = fl(yl,y2)
% y2’ = f2(yl,y2)
f =a(t,y) [y(2); —omega™2%y(1)];
a=0; b=2%pi;

box = [a,b,—1.1,1.1];
t = llnspace(a,b,20)
eta = [ 1; 0];
Q= 1ength( )5
y = zeros (2,Q);
y(:,1) = eta;
but = Butcher( 'cRK4") ;
fi = zeros(length (eta
fi (:,end) = f(a,eta);
for i=2:4
tau = t(i)—t(i-1);
y(:,i) = RKStep(y(:,i—1),f,t(i),tau,but);
fi (:,end—i+1) = f(t(1+1) ( ,

)4 ;

end
[B,~] = Adams(4);
beta = B{end};
for i=5:Q
[y(:,1i), fi] = ABStep(y(:,i—1),f,fi ;t(i),tau,beta);
end
plot (t,y(1,:),t,cos(t),’0”);
print —depsc oll
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0.8 T

0.6 _

-0.2 Ny

PCStep.m

function [ynl, fi, estn] = PCStep( yn, f, fi, t, tau, b, bm, ¢ )
ynl = yn + tau®*fi*b’;

fi(:,2:end) = fi(:,l:end-1);

fi(:,1) = f(t+tau,ynl);

ynlc = yn + tau®{fi*bm’;

estn = c¢*(ynlc—ynl);

ynl = ynlctestn;

fi(:,1) = f(t+tau,ynl);

end

s12.m

cls;
omega = 1'
% yl’ = f1(yl,y2)
% y2’ = f2(yl,y2)
f=0(t,y) [y(2);
a=0; b= 2*p1,
box = [a,b, .1,1.17;
t = 11nspace( ,b 0);
eta = [ 1; 0];
Q= length( )7
y = zeros (2,Q);
y(:,1) = eta
but = Butcher( cRK4);
fi = zeros(length (eta
fi (:,end) = f(a,eta);
for i=2:4

tau = ¢ (i)=t(i-1);

y(:,i) = RKStep(y(:,i—1),f,t(i),tau,but);

f(

—omega”2*y (1) ;

)4 ;

fi (:,end—i+1) = t(1+1), (:,1));
end
[B,M,c] = Adams(4);
b = B{end };
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bm = M{end };
¢ = c(end);

for 1=5:Q
[y(:,i), fi] = PCStep(y(:,i—1),f,fi,t(i),tau,b,bm,c);
end
plot (t,y(1,:),t,cos(t),’0’);
print —depsc 012
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1.8. Metody zpétného derivovani

BDF.m

function a = BDF( k )
a = cell (1,k);
d=[1 —-1];
a{l} = d;
for i=2:k
d=[d 0]—[0 d];
a{i} = [a{i—=1} 0] 4+ d/i;
end
end

BDFStep.m

function [yl] = BDFStep( y, f, i, t, tau, a)
k = length (a)—1;

n = size(y,1);

tol = ones(n,1)*1le—6;

f =Q@(z) [z y(:,i—1:—1:i—k)]*a’—tau®™f(t,z);
yl = nsoli(y(:,i—1),f,tol);

end
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sl3.m

cls;
omega sqrt(2)
% yl’ = f1(yl,y2)
% y2' = f2(yl,y2)
£ =a(t,y) [y(2);
a=0; b= 2*p1,
box = [a,b,—1.1,1.1];
t = linspace(a,b,20);
eta = [ 1; 0];
Q= length( )7
y = zeros (2,Q);
y(:,1) = eta
but = Butcher( cRK4');
fi = zeros(length (eta
fi(:,end) = f(a,eta);
for i=2:4
tau = t(i)—t(i—1);
y(:,1) = RKStep(y(:, ,I,t(1) ,tau,but);
end
a = BDF(4); a = a{end};
for i=5:Q
y(:,i) = BDFStep(y,f,i,t(i),tau,a);

—omega”2*y (1) ;

) ,4);

end
plot (t,y(1,:),t,cos(omega*t),’ 0’);
print —depsc ol3

15

15 ! ! ! ! ! !
0
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1.9. Implementace v matlabu a priklady

1.9.1. Kepleriv problém a problém vice téles

Uvazujme systém dvou téles, jejichz polohové vektory jsou ry a ro, hmotnosti m; a ms. Poten-
cialni energie U je dana predpisem

mimes
U = - )
12
o2 = |I‘1 — I'Ql .
Pohybové rovnice jsou tedy
mr; = —Vr1U>
mng = —Vr2U.
Oznacime si
rn = [5131,1,361,2,561,3]
rp, = [352,1, x22, 5U273]
takze
3
2
T2 = (961,i - xzz‘)
i=1
a mim
12 .. . )
_vrlU:fY 3 (rj_ri>727j:172l7éj
12

a pohybové rovnice jsou druhého fadu

.. mo

I = y5 (r2—11),
T2

.. my

ry = Y3 (1‘1 - 1‘2) )
12

prevedeme na soustavu 1. fadu

r = vy,

. ma

Vi = 75 (r2—11),
T2

r, = Vg,

. my

Vo = Y5 (r—r),
AP

coz je soustava pro ¢tyfi vektorové funkce, cili pro 12 skalari celkem, které v matlabovském
kédu budeme reprezentovat vektorem y = [ry, 1o, vy, vo|T.

Kepler.m
function dy = Kepler( gamma, ml, m2, y )
rl = y(1:3);
r2 = y(4:6);
vl = y(7:9);

v2 = y(10:12);
r3 = 1/norm(rl—r2)73;
dy = [ vl
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v2

gamma*m2*r3*(r2—rl)

gamma*ml*r3*(r1—r2)
I

end

s16.m

cls;
ml = 1;
m2 = 0.000001;
gamma = 1;
rl = [0; 0; O
r2 = [1; 0; 0];
vl = [0; 0; 0];
v2 = | 0.6; 0];
tspan = [0 3];
eta = [rl; r2; vl; v2];
f =@(t,y) Kepler(gamma,ml,m2,y);
opt = odeset (’AbsTol’,1e—10, RelTol’ ,1e—6);
[t,y] = oded45(f,tspan,eta,opt);
%[t,y] = odell3(f,tspan,eta,opt);
x={y(,1) y(:,2)

y(:,143) y(:,243) };
plot (x{1,1},x{1,2},’0—",x{2,1},x{2,2},”.—7);
%oplot (y (:,[1 4])+y(:,[2 5])*1i);
axis equal
print —depsc o0l6

OO»—!

5

49
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Pocéatecni tlohu miizeme snadno zobecnit na iterakci N téles. Sestavime vyraz pro potencidlni
energii

U _ _’yz mmj

ig=1
1<J

a pohybové rovnice

NBody.m

function dy = NBody( gamma, m, y )

N = length (m);

r = zeros (3,N);

v = zeros (3,N);

for i=0:N-1
r(:,i4+1) = y(3*i+1:3*i+3);
v(:,i4+1) = y(3*(N+i) +1:3*(N+1i)+3);

r3 = zeros (N);
d = cell(1,3);
for i=1:3
[X, Y] = meshgrid(r(i,:),r(i,:));
d = X°Y; d2 = d.*d;
r3 = r3 + d2;
end
r3 = sqrt(r3).7(=3);
r3 (r3=Inf)=0;
dy = zeros (6*N,1);
dy (1:3*N,:) = v(:
ix = 3*N+1
for i=1:N
dy (ix:ix+2) = gamma*m(i)*(r—repmat(r(:,i),1,N))*r3(:,i);
ix = ix+3;

)5

end
end

sl7.m

cls;
m = [1?2’2’1]7
gamma = 1;

N = length (m);
tspan = linspace (0,3,600);
eta = [];

20
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for i=1:N

eta = [eta; r{i}];
end
for i=1:N

eta = [eta; v{il}];
end

f = @(t,y) NBody(gamma,m,y);
opt = odeset (’AbsTol’,1e—10, RelTol’ ,;1e—6);
[t,y] = oded5(f,tspan ,eta,opt);
x = cell(1,3);
hold all;
for i=0:N-1

for j=1:3

(i} = y(:,3%i4));

end

plot3 (x{1},x{2},x{3}, LineWidth’ ,1.5);
end
axis tight
view (45,45) ;

print —depsc 0l7
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2. Okrajové problémy pro obycejné
diferencialni rovnice

2.1. Zakladni pojmy
Budeme se zabyvat linearni diferencialni rovnici 2. fadu

= [p(a)d —r(@)] +ql2)u = f(z), @€ (0,0)

s okrajovymi podminkami Dirichletova typu

u(0) = go,

u(l) = g
rsp. s kombinaci Dirichletovy a Robinovy podminky

u (O> = Jo,

—p(Du' (1) = ou(l)—f
nebo Robinovy a Dirichletovy podminky

p(0)u' (0) = au(0)— f,
u(l) = g.

2.1.1. Metoda strelby

Lichobéznikova metoda a jeji porovnani s matlabovskou funkci bvp4c.

exbvp4c.m

function y = exbvpdc(n)

solinit = bvpinit (linspace (0,1,n),[0 0]);
sol = bvp4dc(@Qmyode,@mybc, solinit ) ;

y = sol.y(1,:);

end

function dydx = myode(x,y)
A=10 1; 1 0];
a4 = [0; ~£(x)];
dydx = A*y+q;

end

function res = mybc(ya,yb)
res = [ ya(l)
yb (1) ];
end

function y = f(x)
y = sin(pi*x) + pi~2*sin(pi*x);
end
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s18& m

addpath
cls

u = Q(x) sin(pi*x);

syms X
f = —diff(u(x),x,2)+u(x);
sf = char(f)

clear x

f =@(x) eval(sf);

A=10 1; 1 0];
q=a(x) [ 0—f(x)];
n=11; N = 2*n;

x = linspace (0,1,n);
h = x(2)-x(1) ;

spA = sparse (N,N);
v = zeros (N,1);

I = eye(2);
R = —I-h/2*A;
S = I-h/2*A;

Bb= [0 0; 1 0];
for i=1:n—-1

r = 2%i—1:2%i;

spA(r,r)=R;

spA (r,r+2)=S;

v(r) = h/2*(a(x(i))+a(x(i+1)));
end

spA (N—1:N,1:2)=Ba;

spA (N—1:N,N—1:N)=Bb;

y = spA\v; y =y’;

yl = exbvpdc(n);

semilogy (x,abs(u(x)—y(1:2:end)),’.’ ,x,abs(u(x)—yl), 'x’);
title (Tabs(u(x_i)—y_i)’);

print —depsc 018
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abs(u(x)-y)
10 T

-6

-8

-10

-12

-14

-16 ! ! ! ! ! ! ! ! !

10

2.1.2. Diferenc¢ni metoda

defbvp.m
function bvp = defbvp
bvp.p = @Q(x) x.70;
bvp.q = Q(x) x.70;
bvp.r = Q(x) 0*x;
bvp.f = Q(x) x.70;
bvp.domain = [0 1];
bvp.bc = {[0 0] 0};
end
exsolld.m
function eq = exsolld( eq, u)
syms X;
sdu = diff(u(x),x);
du = matlabFunction (sdu, 'vars’ ,x)

f = expand(—diff(eq.p(x)*sdu—eq.r(x)*u(x),x) + eq.q(x)*u(x));
eq.f = matlabFunction (f);
for i=1:2
vx = eq.domain (i) ;
vu = u(vx);
if length (eq.bc{i})==1
eq.be{i} = vu;
else
a = eq.be{i}(1);
eq.bc{i}(2)=a*vu+(-1)"i*eq.p(vx)*du(vx);
end
end
end
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diffld.m
function u = diffld( x, eq)
if ~exist(’eq’, var’)
eq = defbvp;
end
h = x(2)-x(1);
xmid = (x(2:end)+x(1l:end—-1))/2;
p = eq.p(xmid);
r = eq.r(xmid);
zero = 0*xmid;
rplus = max(r,zero);
rminus = min(r,zero);
q = eq.q(x);
b =-eq.f(x);
dec = [length(eq.bc{1l}) length(eq.bc{2})]==1;
n = length (x);
A = sparse(n,n);
for i=2:n-1
r =1i—-1:i41;
AG,r) = [—p(i—1) p(i—T)+p(i)+a(i)*h™2 —p(i)] + ... % (2.15)
[-rplus(i—1) rplus(i)—rminus(i—1) rminus(i)]*h; % (2.29)
end
for i=1:2
if i==1
k=1; r=1:2;
else
k=size(b,1); r = [k k—1];
end
if de(i)
A(K,:) =[]; b(k)=[];
b=b — A(:,k)*eq.bc{i}/h™2;
A k) =[]
else
A(k,r) = [p(k)+h*eq.be{i}(1)+q(k)*h™2/2 —p(k)] + ... % (2.19a)
[rplus (k) rminus(k)]*h ; % (2.29)
b(k) = eq.be{i}(2)/h + b(k)/2;
end
end
A= A/h"2;
u = A\b;
csvwrite ('dl 4r.csv’ ,[full (A) b u]);
u=nu’;
if de(1)
u= [ eq.bc{l} ul;
end
if de(2)
u= [ ueq.bc{2}];
end
csvwrite (’dl_4ru.csv’ [[x; u]);
end
s19.m
addpath
cls
eq = defbvp;

%eq.be{l} = [2 1];
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eq.bc{l
eq.bc{2

—
I
o O

€q.p
€q.q

%presne reseni

u=Q(x) x—x."3;
Y%u = Q(x) sin(x);
Y%u = Q(x) x;

eq = exsolld (eq,u);

x = linspace (0,1,5);
U = diffld (x,eq);

plot (x,abs(U-u(x)));
ylabel ("abs (U-u(x))’);
xlabel ('x7);

print —depsc ol9

Diferen¢ni metodou budeme tesit tlohu
—[(1 +2)u] + (2 — 2)u = 2* — 22° + 8% + 8z — 1, z € (0,1)
s okrajovymi podminkami

' (0) = 2u(0)—1,

u(l) = 0.
A b U
27  -18 0 0 -4.5 | -0.022365
-18 4175 22 0 1.4727 | 0.21645
0 -22 49.5 -26 4.8125 | 0.36213
0 0 -26  57.25 | 8.9727 | 0.32119
z; |0 0.25 0.5 0.75 1

U; | -0.022365 | 0.21645 | 0.36213 | 0.32119 | O

a s Dirichletovymi okrajovymi podminkami

u(0) :
u (1) 0
A b u
41.75 22 0 1.4727 | 0.23038
-22 49.5 -26 4.8125 | 0.37026
0 -26  57.25 | 8.9727 | 0.32488
z; | 0] 0.25 0.5 0.75 1

U; | 01]0.23038 | 0.37026 | 0.32488
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x 10

abs(U-u(x))
N
o1

15F

0.5

2.1.3. Metoda kone€nych prvkii

defbvpm.m
function eq = defbvpm
eq.p = {@(x) x.70, @(x) 2*x.70};
eq.q = {@(x) x.70, @Q(x) x.70};
eq.f = {Q(x) 0*x, Q(x) x.70};
eq.domain = [-1 0 2];
eq.bc = {[0 0] 0};
end
MKPd1l.m
function [xall ,y] = MKPd1( X, eq )
ndom = length (X);
de¢ = [length(eq.bc{1l}) length(eq.bc{2})]==1;
K=1[; I=1[J=1 s=1[ V=1
ie = 1;
xall = X{1}(1);
for i=1:ndom
x = X{i};
xall = [xall x(2:end) |;
p = eq.p{i};
q = eq.q{i};
f =eq.f{i};
n = length(x);
for k=2:n
h = x(k)—x(k—1);
xm = (x(k)4+x(k-1))/2;
I = [I [ie ie ie+41 ie+1]];
J = 1[J [ie ie+1 ie ie+1]];
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2. Okrajové problémy pro obycejné diferencialni rovnice

S = [S p(xm)/h*[1 -1 —1 1]+h/2*[q(x(k-1)) 0 0 q(x(k))]];
V= [V h/2*¥[f(x(k-1)); f(x(k))]];
ie = ie—+1;

end

end
nele = size (V,2);
K = sparse(I,J,S,nele+1,nele+1);
F = zeros(nele+1,1);
for i=1l:nele
F([i i+1]) = F([i i+1]) + V(:,i);

for i=1:2
it A==
ix = size (K,1);
else
ix=1;
end
if de(i)
F =F — eq.bef{i}*K(:,ix);
F(ix)=[];
K(ix,:) =[];
1 K(:,ix) =[]
K(ix,ix) = K(ix,ix) + eq.bc{i}(1);
F(ix) = F(ix) + eq.bc{i}(2);

end
y=K\F; y =y
if de(1)
y = [ eq.bc{l} v];
end
if de(2)
y=1[1y eq.bc{2}];
end
end

s20.m

cls
eq = defbvpm;

ndom = length (eq.domain) —1;
X = cell (1,ndom) ;
n=10;
for i=1:ndom
X{i} = linspace(eq.domain(i),eq.domain(i+1),n+1);
end

[x,y] = MKPdL(X, eq) ;
plot (x,y);

print —depsc 020
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Cast Il.

Parcialni diferencialni rovnice
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Obycejné diferencialni rovnice modeluji jednorozmérné dynamické systémy. Parcialni diferen-
cialni rovnice modeluji vicerozmérné systémy, vyznacujici se ¢asto komplikovanou geometrii.
Umoznuji tudiz modelovani a simulaci slozitych technickych systému. TTi nejrozsitenéjsi nu-
merické metody pro FeSeni parcidlnich rovnic jsou metoda koneénych prvka (MKP), metoda
kone¢nych objemi a metoda konecnych diferenci. MKP ma vyznamné postaveni mezi témi-
to metodami pro svou geometrickou silu. V jednoduché formé jsme se s nimi jiz seznamili v
jednorozmérném pripadé.

V soucasnosti existuji mnoho vyspélych komercénich programi jako jsou ANSYS, ABAQUS,
COMSOL, FLUENT a mnoho dalsich. Z otevieného softwaru lze jmenovat napr. FreeFEM++
http://www.freefem.org/ff++/, ktery jsem zde pouzil pro generovani jednoduchych trian-
gulaci, dale bych doporucil ELMER http://www.csc.fi/english/pages/elmer a FEniCS
http://fenicsproject.org/.Velmi tspésny OpenFOAM http://www.openfoam.com/ zalo-
zeny na metodé konec¢nych objemt. Pouziti téchto systému je vsSak dosti slozité a prekracuje
ramec naseho predmétu.
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3. Okrajové problémy pro parcialni
diferencialni rovnice

3.1. Uloha eliptického typu
Predpokladejme, ze €2 je omezena oblast v roviné. Hranice 0€) sestava z jedné nebo vice dis-

junktnich ¢asti na nichz se predepisuji podminky Dirichletova resp. Robinova typu. Linearni
elipticka rovnice 2. radu ma tvar

(e ) - 5 (e §) e = v

Na ¢asti hranice () # I'y € 99 predepiSseme Dirichletovu podminku
u=g(z,y) naly

a na ¢asti hranice I'y C 0€) predepiseme Robinovu podminku

ou ou
“plo) [ G| ate)u-play)  wary

kde [n1,ns] je jednotkovy vektor vnéjsi normaély.

3.1.1. Diferenéni metoda

bvprect.m
function eq = bvprect
eq.p = Q(x,y) 1;
eq.q = Q(x,y) 0;
eq.1 = {Q(x,y) 0, Q(x,y) 0};

eq.f = Q(x,y) 1;
)

eq.bc = {Q(x,y) 0, Q(x,y) 0, Q(x,y) 0, Q(x,y) 0};

end
exsol2d.m
function eq = exsol2d( eq, sol)
syms X y;
u = sol(x,y);
ux = diff (u,x);
uy = diff( v);
p = eq.p(x ),
q = eq.q(x,y);
1l = eq.r{1}(x, y);
r2 = eq.r{2}(x,y)
f = — diff (p*ux— rl*u ,x) — diff (p*uy—-r2*u,y) + eq.q*u;
eq.f = mf(f ,x,y);
for i=1:4

if length (eq.be{i})==1
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eq.be{i} = sol;

else
switch i
case 1
s = —1; du = uy;
case 2
s = 1; du = ux;
case 3
s = 1; du = uy;
case 4
s = —1; du = ux;
end
eq.bc{i} = { eq.bc{i}{1l}, mf(eq.bc{i}{1}*uts*p*du,x,y) };
end
end
end
function f = mf(sf,varargin)
f = matlabFunction (simplify (sf),’vars’, varargin);
end

diff2d.m

function [X,Y,Z] = diff2d( x, y, eq)
% pro rovnice s konxekcnim clenem nejsou implementovany Robinovy podminky!!
if ~exist(’eq’, var’)
eq = bvprect7
end
nx = length (x);
ny = length(y);
hx = x(2)—x(1)
hy = y(2)-y (1)

xmid = (x(2:end)+x(l:end—1)) /2
ymid = (y(2:end)+y(l:end—-1))/2;
[Xmx, Ymx] = meshgrid (xmid,y) ;
Xmx = Xmx’; Ymx= Ymx';

[Xmy, Ymy] = meshgrld(x ymid) ;
Xmy = Xmy’; Ymy= Ymy’;

[X,Y] = meshgrid(x,y);

X=X Y=Y;

)

)

pmx = arrayfun (eq.p,Xmx, Ymx) ;
pmy = arrayfun (eq.p,Xmy,Ymy) ;
rlmx = arrayfun(eq.r{1},Xmx,Ymx) ;
r2my = arrayfun(eq.r{2},Xmy,Ymy) ;

zerox = 0*Xmx;
zeroy = 0*Xmy;

rlplus = max(rlmx, zerox);
rlminus = min(rlmx, zerox);
r2plus = max(r2my, zeroy) ;
r2minus = min (r2my, zeroy) ;

q = arrayfun(eq.q,X,Y);
f = arrayfun(eq.f ,X,Y);

dc = cellfun (Q(x)length(x)==1,eq.bc);
de = [de de(1) ];
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N = nx*ny;
ixy = reshape (1:N,nx,ny);
ix = 1;

%pocet stran s Robinovou podminkou
nrc = 4—sum(dc);
%pocet vrcholu s dvojici Robinovych podminek

nrcc = sum(~dc(1:4) & ~dc(2:5));

I zeros (1,5*(nx—2)*(ny—2)+4*nrc+3*nrcc) ;
J I; S=1;
% cyklus pres vsechny vnitrni uzly site
for i=2:nx—-1
for j=2:ny—1
%index radku
T(ix:ix+4) = ixy(i,j)*[1 1 1 1 1];
%indexy sloupcu
%koeficienty
tmp = [ [pmx(i—1,j) pmx(i,j)]/hx"2 [pmy(i,j—1) pmy(i,j)]/hy"2 ;
rtmp = [ [—rlplus(i—1,j) rlminus(i,j)]/hx
[-r2plus(i,j—1) r2minus(i,j)]/hy J;
S(ix:ix+3) = —tmp + rtmp;
S(ix+4) = sum(tmp) + q(i,j) + ..
(rlplus(i,j)—-rlminus(i—1,j))/hx +
(r2plus(i,j)—r2minus(i,j—1))/hy;

ix = ix+5;
end
end
%strany
rect = { 1:nx nx nx:—1:1 1
1 1:ny ny ny:—1:1 };

irect = cell (1,4);
ide = []; ag = [];
g = cell(1,4);
rij = 1;
for ie=1:4

irect{ie} = ixy(rect{l,ie},rect{2,ie});

ex = X(rect{l,ie},rect{2,ie});

ey = Y(rect{l,ie},rect{2,ie});

last = length(ex);

if dec(ie)

if de(ie+1)
r = 1:last —1;

else
r = 1l:last;
end
tmp irect{ie}(r);

ide = [idc tmp(:) ’];
g{ie} = arrayfun(eq.bc{ie} ,ex,ey);
tmp = g{ie}(r);
ag = [ag tmp(:) '];
else %robinova podminka
alfa = arrayfun(eq.bc{ie}{1l},ex,ey);
beta = arrayfun (eq.bc{ie}{2},ex,ey);

ir = inner(rect{l,ie});
jr = inner(rect{2,ie});
for i=ir
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for j=jr
=117l
I(ix:ix+3) = ixy(i,j)*[1 1 1 1];
[si, psi] = stencil (i,nx);

[sj, psj] = stencil(j,ny);
J(ix:ix+3) = [ixy(si,j)’ ixy(i,sj) ixy(i,j)];
if length(si)==
tmp = pmx(psi,j)’/(2*hx"2);
else
tmp = pmx(psi,j)’/(hx"2);
h = hx;
end
if length(sj)==2
tmp = [tmp pmy(i,psj)/(2*hy"2)];
else
tmp = [tmp pmy(i,psj)/(hy"2)];
h = hy;
end
S(ix:ix+2) = —tmp;
S(ix+3) = sum(tmp) + alfa(ij(rij))/h + q(i,]j)/2;
ix = ix+4;
f(i,j) = £(i,j)/2 + beta(ij(rij))/h;
end
end
Y%roh
h = [hy hx hy hx];
if ~dc(ie+1)
ij(rij) = ij(rij)+1;
i=1ij(1); j=ij(2);
I(ix:ix+2) = ixy(i,j)*[1 1 1];
[si, psi] = stencil (i,nx);
[sj, psj] = stencil(j,ny);
J(ix:ix+2) = [ixy(si,]j)’ ixy(i,sj) ixy
tmp = [pmx(psi,j)’/(2*hx"2) pmy(i, psj)
S(ix:ix+1) = —tmp;
S(ix+2) = sum(tmp)+ ...
eq.be{ie P{1}(X(i,j),Y(i,j)) /

(
eq.be{ie+1H{1}(X(1,j),Y(i,j)) / (2¥h(ie+1)) + a(i,]j)/4;

ix = ix+3;

f(i,j) =1£(i,j)/4 + ...

eq.be{ie }{2}(X(i,]j),Y(i,j)) / (2*h(ie)) + ...
| eq.be{ie+1}H{2}(X(1,]),Y(1,j)) / (2%¥h(ie+1));
end
if rij==l1
rij = 2;
else
rij = 1;
end

end

K = sparse(I,J,S,N,N);
K(ide ,:) =[];

F = reshape(f,1,N) ’;

F(ide) =[];

F=F — K(:,idc)*ag’;
K(:,ide) =[];

u = K\F;

Z = zeros(size (X));
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dofx = 14+dc(4) :nx—dc(2);
dofy = 14dc (1) :ny—dc(3);
Z(dofx ,dofy) = reshape(u,length (dofx),length (dofy));
for ie=1:4

if de(ie)

Z(rect{l,ie},rect{2,ie}) = g{ie};

end

end

end

function ii = inner (i)
ii = i(2:end-1);
if isempty(ii)

=i

end
end
function [s, ps] = stencil(i,n)
s = [i-1 i+1];
ps = [i—1 i];
fi = s>0 & s<=n;
s = s(fi);
ps = ps(fi);
end
s21.m
cls

n = 30; m= 20;
linspace (0,1,n);
y = linspace (0,1 ,m);

"
I

eq = bvprect;

eq.p = Q(x,y) 1+x+2%y;
eq.bc{l} = {Q(x,y) 1 Q(x,
eq.bc{2} = {@( y) :
u=Q(x,y) vy sm(pi*x—i—l)'
eq = exsole(eq,u);
[X,Y,Z] = diff2d (x,y,eq);
U= u(X)Y);
surfc (X,Y,U, 'FaceColor’, "interp ’) ;
xlabel ('x7);

ylabel ('y’);

print —depsc 021

figure;

mesh (X,Y, abs (U-Z) ) ;
print —depsc o2la
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x10°

3.1.2. Metoda konecnych prvkii

meshrect.m

function mesh = meshrect( x, y)

n = length (x);
m = length(y);

ix = 1l:n;
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iy = 1:m;

[iX iY] = meshgrid (ix,iy);

mesh .ELEM = delaunay (iX (:) ,iY (:));

[X Y] = meshgrid(x,y);

mesh.x = X(:);

mesh.y =Y (:);

mesh .REG = ones(size (mesh.ELEM,1) ,1);
iy = (1:m—1)’; oy = ones(size(iy));

ix = (1:m:(n—1)*m) ’; ox = ones(size(ix));
cl = [iy; (n—1)"mtiy |;

c2 = cl +1;

rl = [cl c2];

cl = [ix; ix+tm-1 |;

c2 = cl + m;

r2 = [cl c2];

mesh.SIDE = [rl; r2];
mesh .LAB = [4*o0y; 2*o0y; ox; 3*ox];
end

plotmesh.m

function plotmesh( m, opt )
if isfield (m, 'u’)
if ~exist ( ’opt’,’var’ )
opt = meshopt;
end
pairs = struct2pairs (opt);
trisurf (m.ELEM,m.x ,m.y ,m.u, pairs {:}) ;
else
triplot (m.ELEM,m.x m.y) ;
text (mean (m.x (m.SIDE) ,2) ,mean(m.y (m.SIDE) ,2) ,int2str (m.LAB) , 'BackgroundColor
LT 9 L T))
text (mean (m.x (m.ELEM) ,2) ;mean (m.y (m.ELEM) ,2) ,int2str (m.REG) ) ;
axis equal;
end
end

bvptri.m

function eq = bvptri(eq)
if ~exist(’eq’, var’)

eq.p = {Q(x,y) x.70, Q(x,y) x.70};

eq.q = {Q(x,y) x.70, Q(x,y) x.70};

eq.f = {Q(x,y) x.70, Q(x,y) x.70};

eq.bc = {Q(x,y) 0*x};

%eq.dec = [];
else

eq.p = {eq.p};
eq.q = {eq.q};
eq.f = {eq.f};
end
end

s22r.m

x = linspace(—1,1,10);
y = linspace(—1,1,10);
mesh = meshrect (x,y);
plotmesh (mesh) ;
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print —depsc 022rm

u=Q(x,y) x 2¥y+y " 2;

eq = bvprect;

eq.p = Q(x,y) xt+y+3;

eq.bc{l} = {Q(x,y) 1, @Q(x,y) 0};
eq.bc{2} = {Q(x,y) 0, Q(x,y) 0};
eq = exsol2d (eq,u);

eq = bvptri(eq);

mesh.u = MKPd2(mesh,eq) ;

figure ;

plotmesh (mesh) ;

print —depsc 022r

mesh.u = abs(arrayfun (u,mesh.x,mesh.y)—mesh.u);

figure ;
plotmesh (mesh) ;

MKPd2.m

function u = MKPd2( mesh, bvp )
nlab = length (bvp.bc);
%Dirichlet /Robin condition (podminka)
de = []; re = [];
plab = zeros(size (mesh.x));
for i = 1:nlab
if length(bvp.be{i}) =
ii = mesh.LAB = i;
plab (mesh.SIDE(ii ,:) )=i;
de = [dec i];
else
rc = [re i];
end
end

nt = size (mesh.ELEM,1) ;

np = size (mesh.x,1);

F = zeros(np,1);

I = zeros(1,3*nt); J=I; S=I;
03 = ones (3,1);

03 = eye(3)

ix=1;

for

i
t
r esh .REG(1);

T = [mesh.x(t) mesh.y(t) 03];

xc¢ = mean(mesh.x(t));

¢ = mean(mesh.y(t));

= det (T);

= T\O3;

= B(1:2,:);

Kl = 1/2*abs( )*bvp.p{r}(xc,yc)*B *B;

K2 = 1/6*abs(d)*diag(bvp.q{r}(mesh.x(t),mesh.y(t)));
K = KI14K2;

oolluoffa Tl

(ix:ix+8) = t([1 1 1 2 2 2 3 3 3]);
J(ix:ix+8) = t([1 2312312 3]);
S(ix:ix+8) = K(:);

ix = ix+9;

69



3. Okrajové problémy pro parcialni diferencialni rovnice

F(t) = F(t) + 1/6*abs(d)*bvp. f{r}(mesh.x(t) ,mesh.y(t));
end
for i = rc

ii = mesh.LAB — i7

side = mesh.SIDE(ii ,:) ;

ns = size (side ,1);

Is = zeros(1,2*ns); Ss=Is;

dx = mesh.x(side (: ,2))—mesh x(side (:,1));
dy = mesh.y(side (:,2))—mesh.y(side (:,1));
d = sqrt (dx.724+dy."2);
alfa = bvp.be{i}{1};
beta = bvp.bc{i}{2};

ix = 1;
for j = 1:ns

Is ([ix ix+41]) = side (]

Pl.x = mesh.x(side(j,1

P2.x = mesh.x(side(j,2

Ss([ix ix+1]) = d(j )/2

ix = ix + 2;

F(side(j,:)) = F(side(j,:)) + d(j)/2*[beta(Pl.x,Pl.y); beta(P2.x,P2.y)];

i)

)); Pl.y = mesh.y(side(j,1));

)); P2.y = mesh.y(side(j,2));
*[alfa (P1.x,Pl.y) alfa(P2.x,P2.y)];

end
I = 1[I Is]; J=1[J Is]; S=[S Ss];

K = sparse(I,J,S,np,np);

u = zeros (size (mesh.x));
for i = dc

ii = plab==i;

u(ii) = arrayfun (bvp.bce{i},mesh.x(ii) ,mesh.y(ii));
end

ide = plab >0;

F = FK(:,idc)*u(ide);

K(ide ,:) =[5 K(:,ide)=[]; F(ide)=[];
y = K\F;

u(~ide)=y;

end
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1 3 3 —3 3 3 3 37 3 3 ‘
AN\ 1 1 1 1 1 1 1 1 15
1 1 1 1 1 1 1 1 1
0.8 i
4\ 1 1 1 1 1 1 1 1 15
06k 1 1 1 1 1 1 1 1 1 1
A\ 1 1 1 1 1 1 1 1 15
04l 1 1 1 1 1 1 1 1 1 .
AN\ 1 1 1 1 1 1 1 1 15
0.2 1 1 1 1 1 1 1 1 1 7
1 1 1 1 1 1 1 1 1
0 4 1 1 1 1 1 1 1 N\ 2
02k A\ L 1 1 1 1 1 1 1 1, i
1 1 1 1 1 1 1 1 1
-0.4} 2\ 1 1 1 1 1 1 1 1 15 .
1 1 1 1 1 1 1 1 1
—06 A\ 1 1 1 1 1 1 1 1 1, iy
1 1 1 1 1 1 1 1 1

importmesh.m

function mesh = importmesh( subdir )

data = importdata ([subdir ’'nodes.dat’]);

x = data(:,1); y = data(:,2);

data = importdata ([subdir ’tri.dat’]);

tri = data(:,1:3)+1; region = data(:,4)+1;
data = importdata ([subdir ’be.dat’]);

be = data(:,1:2)+1; belab = data(:,3);
clear data;
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del = belab <0;
be(del ,:) = [];
belab (del) = [];
mesh .ELEM = tri;
mesh .REG = region ;
mesh .SIDE = be;
mesh .LAB = belab;

mesh.x = x;
mesh.y = y;
end
s22.m
cls

mesh = importmesh (’data/meshl/size2/");
plotmesh (mesh) ;
print —depsc 022m

bvp = bvptri;
bvp.bc = { {Q(x,y) x.70 Q(x,y) x.70} Q(x,y) 0*x.70 Q(x,y) 0*x.70 };
mesh.u = MKPd2(mesh,bvp) ;

figure;

plotmesh (mesh) ;
print —depsc 022
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s22a.m

cls

mesh = importmesh ( ’data/mesh2/size2/7);
plotmesh (mesh) ;

print —depsc 022ma

mesh = importmesh (’data/mesh2/size5/’);

bvp = bvptri;
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bvp.be = { @(x,y) 0*x, Q(x,y) 0*x, @(x,y) 0*x, @(x,y) 0*x, Q(x,y) x.70 };
mesh.u = MKPd2(mesh ,bvp) ;

figure;

opt = meshopt;

opt . EdgeColor = ’interp ’;
plotmesh (mesh, opt) ;

print —djpeg o022a

74




_________
11111111111

000000000



4. Evolucni problémy

4.1. Uloha parabolického typu

Linearni parabolicka rovnice je tvaru

c(z) u _ Ou (p(x)%) + q(z)u = f(x,t), re (0,1), te(0,T)

ot Oz ox

s okrajovymi podminkami Dirichletova typu

U(O’t) = 9o (t)a

u(l,t) = g (t) )
rsp. s kombinaci Dirichletovy a Robinovy podminky
u(0) = g0(t),

—p(D)u' (I,t) = au(l,t)— G (t)

nebo Robinovy a Dirichletovy podminky

a poceténi podminkou
u(x,0) = ¢ (x) xz € (0,1).

defEvol.m
function eq = defEvol
eq.p = Q(x) 1;
eq.q = Q(x) 0;
eq.r = @Q(x) O0;
eq.f =Q(x,t) 0;
eq.c = Q(x) 1;
eq.rho = Q(x) 1;
eq.domain = [0 1];
eq.bc = {Q(t) 0 Q(t) 0};
eq.phi = Q(x) 0;
eq.psi = Q(x) 0;
end
evolK.m
function [K,elim] = evolK(x,eq)

elim = cell (1,2);

h = x(2)—x(1);

xmid = (x(2:end)+x(1l:end—1)) /2;
p = arrayfun(eq.p,xmid);

r = arrayfun(eq.r,xmid);

zero = 0*xmid;
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rplus = max(r,zero);
rminus = min(r,zero)
q = arrayfun(eq.q,x)
dc = [length(eq.bc{l
n = length (x);

K = sparse(n,n);

’}) length (eq.bc{2})]==1;

for i=2:n—1
r = i—1:1+41;
K(i,r) = [-p(i—1) p(i—1)4p(i)+q(i)*h™2 —p(i)] + ... % (2.15)
[-rplus(i—1) rplus(i)—rminus(i—1) rminus(i)]*h; % (2.29)
end
Kl = cell (2,3);
for i=1:2
if i==1
k=1; r=1:2;
else
k=size (K,1); r = [k k—1];
end
if de(i)
K(k,:) =[];
[1,],S] = find (K(:,k));
elim{i} = S;
K(: k) =[];
else
K(k,r) = [p(k)+h*eq.bc{i}{1}+q(k)*h"2/2 —p(k)] + ... % (2.19a)
[rplus (k) rminus(k)]*h ; % (2.29)
end
end
K = K/h™2;
end

evolF.m

function F = evolF (elim ,x,t,eq)
[X,T] = meshgrid(x,t);
F = arrayfun(eq.f ,X,T) ’;
dc = ~cellfun (@Qisempty , elim ) ;
h = x(2)—x(1);
ix = {Q(f) 1,Q(f) size(f,1)};
for i=1:2
if de(i)
F(ix{i}(F) ,:) =[];
1 F(ix{i}(F),:) = F(ix{i}(F) ,:) — elim{i}*eq.bc{i}(t)/h™2;
) F(ix{i}(F),:) = eq.bc{i}{2}(t)/h + F(k,:) /2;
en
end
end

theta.m

function U = theta( x, t, eq, th )
if ~exist(’eq’, var’)
eq = defEvol;

end

if ~exist(’th’, var’)
th = 1/2;

end

[K,elim] = evolK(x,eq);
It = length(t);
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Ix = length (x);
F = evolF (elim ,x,t,eq);

U = zeros(length (x),1t);
U(:,1) = eq.phi(x);
dc = [length(eq.bc{l}) length(eq.bc{2})]==1;
r = 1+dc (1) :1x—dc(2);
C = diag(arrayfun(eq.c,x(r)));
for n=1:1t -1
tau = t(n+1)—t(n);
U(r,n+1) = (C+tau*th*K) \ ((C—tau*(1—th)*K)*U(r,n)+ ...
tau®((1—th)*F (: ,n)+th*F(: ,n+1)));
end
if de(1)
) U(l,:) = eq.bc{1}(t);

if de(2)
U(end,:) = eq.bc{2}(t);
end
=,
end

V nésledujicim skriptu si povs$imnéme volani funkce ode23s (zméiite na ode23t, ode23tb,
odel5s) jako alternativu ke Crank-Nicolsonové metodé.

odefun = @Q(t,y) rC*(—K*y + evolF (elim ,x,t,bvp));
[tt ,y] = ode23s(odefun ,t,bvp.phi(xin));

s23.m
cls
bvp = defEvol;

bvp.rho = Q(x) O0;
bvp.c = Q(x) pi~2;

u=@Q(x,t) sin(pi*x)*exp(—t);
bvp=exsolevol (bvp,u);

X linspace (0,1,20);
t = linspace (0,2,5);

tic
U = theta(x,t,bvp);
toc

[K,elim] = evolK(x,bvp);
1t = length(t);
Ix = length (x);

xin = x(2:end—1);

rC = diag(1l./bvp.c(xin));

odefun = @Q(t,y) rC*(—K*y + evolF (elim ,x,t,bvp));
tic

[tt ,y] = ode23s(odefun,t,bvp.phi(xin));
toc
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Y = [arrayfun (bvp.bc{l},t’) y arrayfun (bvp.bc{2},t’) ];
[X,T] = meshgrid(x,t);

surf (X,T,U);
print —depsc 023

figure
surf (X, T, abs(Y—arrayfun (u,X,T)));
print —depsc o023a

figure

surf (X, T, abs (U-arrayfun (u,X,T)));
print —depsc 023b

79




4. Evolucni problémy

0.8

80



4. Evolucni problémy

x 107

4.2. Uloha hyperbolického typu

Linearni hyperbolicka rovnice 2. fadu je tvaru

0%u ou  Ou () ou
P ox

p(o) G o) G = 5t (p0)5E ) Fahu =St ze 0.0, te0.1)
s okrajovymi podminkami Dirichletova typu

U(O’t) = 9o (t)a

u(lt) = g(t),
rsp. s kombinaci Dirichletovy a Robinovy podminky

—pM)u (I,t) = au(l,t)— B (t)

nebo Robinovy a Dirichletovy podminky

p(0)u'(0) = au(0,t) = fo(t),
u(l) = gt

a poceténim podminkam
w(@0) = ¢@)  we(0),
= ()  ze(0]).
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newmark.m

function [U,dU] = newmark( x, t, eq)
if ~exist(’eq’, var’)

eq = defEvol;
end
%K, F,X,T] = evolF (x,t,eq);
[K,elim] = evolK(x,eq);
1t = length(t);
Ix = length (x);
F = evolF (elim ,x,t,eq)
U = zeros(length(x),!
dU = zeros(length(x),1
U(:,1) = eq.phi(x);
dU(:,1) = eq.psi(x);
dec = [length(eq.bc{1l}) length(eq.bc{2})]==1;
r = 1+de(1):1x—dc(2);
C = diag(arrayfun(eq.c,x(r)));
M = diag (arrayfun (eq.rho,x(r)));
for n=1:1t -1

tau = t(n+1)—t(n);

D = 4*M/tau"242*C/tau;

)
t

)

U(r,n+1) = (HK) \ ( (DK)*U(r,n)+4*M/tau*dU(r ,n)+F(: ,n)+F(: ,n+1) );

dU(r ,n+1) = 2/tau*(U(r ,n+1)-U(r,n))—dU(r ,n);
end
if de(1)
U(l,:) = eq.bc{1}(t);
end
if de(2)
U(end,:) = eq.bc{2}(t);
end
=,
end

s24.m

cls

bvp = defEvol;
bvp.c = Q(x) 0*x;

gamma = 1;

Y%presne reseni

u=@Q(x,t) sin(pi*x)*cos(t);
bvp=exsolevol (bvp,u);
Ybvp.f = Q(x,t) 0;

x = linspace (0,1,20);
t = linspace (0,5,50);

U = newmark(x,t,bvp)
[X,T] = meshgrid(x,t

)

);

surf (X, T,U);
print —depsc 024

figure
surf (X, T, abs (U-arrayfun (u,X,T)));
print —depsc o024a
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Oznaceni

~ aproximuje, priblizné rovno
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Index

Implicitni Eulerova metoda, @
TR-metoda, @
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Matlab, funkce a skripty

ABStep,
Adams,
BDF, |1

BDFStep
Butcher,

cls, a
diffld,
diff2d,

evolF,
evolK,

IE, b3

importmesh, El

Kepler, @
meshrect
MKPd1,
MKPd2,
NBody,
newmark,
PCStep,
plotmesh,
RKStep,
RKStep2,

struct2pairs, E

theta, @
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