System of m linear eguationswith n real unknownss
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Examplefor n=3, m=3

3x-y +5z2=16
- X-2y+z =7
X+ y+z =0

substituting method b solution X=1,y=-3,2=2

For larger systems, the substituting method is highly
Impractical.

We shall introduce a more sophisticated procedure called the
Gauss elimination method.



Basic observations

Each system Sof m equations defines a set E of solutions

Set E of solutions remains the same if

e@ any two equationsin Sare swapped

K. any equation in Sis added to any other in S

~

e any eguationin Sismultiplied by a non-zero number

/

Some systems may be more easy to solve than others




Example of an easy system

- BX, +9X, - X, +8X, =-5
2X, + X, +2%X, =4
X, +3X, =1

2X, =-1



m by n matrix
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Examples

a3 by 3 real matrix
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g 2 0 3.14-
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a2 by 4 complex matrix
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Multiplying arow of amatrix by areal number
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Adding arow of amatrix to another row
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Stalrcase matrix

B -4 0 1 35




Thetranspose of a matrix

Wesay that A" isthe transpose of A
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Multiplying a matrix by a scalar
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Adding two matrices [If AlsSan mby n matrix and B also an
m by n matrix we can define their sum
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Multiplying two matrices
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System matrix, extended system matrix

allxl + a12 X2 + I—aln-lxn-l + a1n Xn - bl
a21X1 +a22x2 + I—aZn-lxn-l +a2nxn - b2
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Gauss elimination procedure

assuming m<n
‘ establish the extended system matrix

use thefirst row to enforce zeroes in the first column under the
first eement in the first column

use the resulting second row to enforce zeroes in the second
column under the second element in the second column

‘ proceed in asimilar way for columns 3, 4, ..., m

1IN a"'smooth case" the result should be a staircase matrix where
finding the solution should be an easy matter




Example

three equations with three unknowns - *smooth" case

3x-y +5z2=16
- X-2y+z =7
X+ y+z =0

3 -1 5|16p @ 1 1] 0p
g-l -2 1) 7+ (Imp 0 -1 2| 7.
¢1 1 1|0} €0 0 -6|-125

asinglesolution x=1Ly=-3,z=2



Example (a"tricky" case)

three equations in three variables - no solution

3x-2y +4z=-1
-X+y +z=0
ox-4y +2z=1

€3 -2 4]-18 el 11109
g-l 1 1) 0+ |Immm) 0 1 7|-1:
€5 -4 2|15 €0 0 0|-2p

no x, y, and z can be found such that Ox+0y+0z=-2



Example (atricky case)

4 equations with 4 unknowns - an infinite number of solutions

4x, +8X, +4x, +4X, =8 X =-3s+3t- 2

3% +2X, +7X;- 5X, =-6 X, =S-2t-3

3%, +6X, +3X;, +3X, =6 X; =S

oX +7X, +8%, - X, =1 X, =t
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In order to identify the smooth and various types of tricky cases,
the notion of the rank of a matrix must be introduced.

First we introduce the notion of linear dependence and
Independence of rows (columns) of a matrix):

a® @ a K oag
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d 0 o -
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Wesay thatrows &, ,8 ,K,& arelinearly independent if
() @, +ca, +ca, +K+ca, =0
can only be satisfied if
c,=Cc,=c,=L=c =0
otherwiseif, say, ¢, * 0 we can write

.:&.+%.+K+&.:O
a, Cla12 Cla13 Cla”‘

and say that iisalinear combination of iiKi



Therank of a matrix
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A way of determining the rank of amatrix isto transform the
matrix into a staircase matrix and see how many non-zero rows
(rows containing at least one non-zero e ement) it contains.
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The Frobenius theorem

allxl t a12X2 t Laln- lxn-l ta,X, = bl

1n“*n

a21xl+a22x2 +La2n-1xn-l+a2n n :b2 (*)
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The system (*) hasasolution if and only if r(A) = r(A| B)




How many solutionsthere areto a system of linear equations?

j>if r(A) r(Alb), thatis, r(A)<r(A|r), the system hasno
solution

if the system has asolution, thenif r(A)=n wherenis
the number of unknowns, the system has exactly one
solution, otherwise it has an infinite number of solutions.
These solutions can then be established by introducing
some of the variables as parameters.

Note that the system matrix cannot have arank greater than the
number of its variables. Why?




