
Example – set of integers

{ }KK ,3,2,1,0,1,2,3, −−−=Z

kji =+

pair of integers

operation of 
addition

resulting 
integer

( ) ( )cbacba ++=++ addition is an associative operation 

aaa =+=+ 00 Z contains 0 as a neutral element

( ) ( ) 0=+−=−+ aaaa an inverse (opposite) integer exists to 
each integer that added results in zero

for every



Example – set of rational numbers
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pair of rational 
numbers

operation of 
multiplication

resulting 
rational

( ) ( )cbacba ⋅⋅=⋅⋅ multiplication is an associative operation 

aaa =⋅=⋅ 11 Q contains 1 as a neutral element
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Example – set of regular n by n matrices
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n by n unity matrix

( ) ( )CABBCA =

AIAI nn =

( ) nIAAAAAA ==∃⇒≠ −−− 111 :0det

CAB = operation of matrix 
multiplication



Example – composition of permutations

Let Sn denote the set of all permutations over a finite set E. We will 
define an operation     of composing two permutations in Sn.

Let for example n = 5, , and let us consider two 
permutations, say, 

{ }5,4,3,2,1=E

o

( ) ( )2,4,3,1,5 and 3,5,1,4,2 21 == ππ

( )5,4,3,2,1

( )3,5,1,4,2

( )5,4,3,2,1

( )2,4,3,1,5

( )5,4,3,2,1

( )3,2,5,4,13 =π

By first applying 
permutation      and 
subsequently       we 
obtain permutation     , 
this is denoted

1π
2π

3π

213 πππ o=

operation of composition of 
two permutations



We could easily prove the following properties of the composition 
of permutations. For Sn and an operation    of composition 
defined, we have, for every π1, π2, π3 ∈ Sn

o

( ) ( )321321 ππππππ oooo =

πεππεπε ==∈∀∈∃ oo:: nn SS

εππππππ ==∈∃∈∀ −−− oo 111 :: nn SS

here ( )n,,2,1 K=ε



Example - displacements of an object in space

Let D be a set of the displacements of an object in a plane along a 
finite line segment. Each such displacement      will be defined by 
a pair                 where l is the length of the displacement and α its 
angle with the x-axix.

l
α

o

o

d
( ),l α=d



If we apply first a displacement d1= (l1,α1) to a given object o and 

subsequently apply a displacement d2 = (l2,α2) to the new position of 

the object resulting from the first displacement, we may think of the 

final position of o as of the result of a displacement  d3 = (l3,α3) 

composed of the displacements d1 and d2. We write  3 1 2= ⊕d d d

Using elementary trigonometry we can establish that 
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3 cos2,

2
llllla βααα −++=+=

β

α



Again, using trigonometry, we could prove that the following 

formulas hold for the operation of displacement where d1, d2, d3 ∈ D

and     denotes the "stationary" displacement.

( ) ( )321321 dddddd ⊕⊕=⊕⊕

doddodo =⊕=⊕∀∃ ::

( ) ( ) ( ) dddddd ⊕−=−⊕−∃∀ ::

o



Group

A group G is a set with a binary operation • that satisfies the 
following axioms: 

For any a, b, c ∈ G, we have

( ) ( )cbacba ••=••

aaaGaG =•=•∈∀∈∃ εεε ::

ε=•=•∈∃∈∀ −−− aaaaGaGa 111 ::

the operation •

is associative

has a unit 

every element 
has an inverse



In addition, some groups are commutative, which means that for 
every a, b ∈ G we have

abba •=•

Such groups are also referred to as Abelian. The group of natural 
numbers with addition as the binary operation and 0 as the unit, the 
group of rational or real numbers without zero with multiplication 
as the binary operation and 1 as the unit and the group of 
displacements with the composition as the binary operation and 
"stationary" movement as the unit are all examples of Abelian
groups.

Non-Abelian groups are for example the group of matrices with 
multiplication or the group Sn (called symmetric) of permutations 
with composition as the binary operation.    


