Example — set of integers

pair of integers

Z ={K,-3-2-10123 K}

@&
/ Integer

(a+b)+c=a+(b+c) |additionisan associative operation

O+a=za+0=a Z contains O as aneutral element

a+(-a)=(-a)+a=0 |& Inverse (opposite) integer exists to
each integer that added resultsin zero




Example — set of rational nhumbers

14, 01,0238
27

Q= 1 tk
pair of rational
numbers

(a>b)>c=a>(b>c) | multiplication is an associative operation

1sa=asl=a Q contains 1 as a neutral e ement

%éo &0 an inverse rational number exists that multi-
——><a 1|7, . o .
a plied with the original number gives zero




Example — set of regular n by n matrices
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N by n unity matrix

@ a, K a,0

Aisregular if det(A) 0

A)l 0b $SA':ATA=AAT=



Example — composition of permutations

Let S, denote the set of all permutations over afinite set E. We will
define an operation o of composing two permutationsin S..

Let for examplen =5, E ={1,2,3,4,5}, and let us consider two

permutations, say, p, =(2,4,1,5,3) andp,

lTBTf (1L,2,34,5)
i
(J’}g},ﬁ) P, =(14,523)
|1
(51,3,4,2

=(513,4,2)

By first applying
permutation P, and
subsequently p, we
obtain permutationP s,
thisis denoted

pstjpz

operation of composition of
two permutations




We could easily prove the following properties of the composition
of permutations. For S, and an operation o of composition
defined, we have, for every p;, p., ps | S,

® (p.op,)ops=p,0(p,0p;)
@ sel S.:"pl S :eop=poe=p
@ "pl S;:$p'l S:pop*=prtop=e

here e =(1,2,K, n)



Example - displacements of an object in space

Let D be aset of the displacements of an object inaplanealong a
finite line segment. Each such displacement d will be defined by
apar d= I a wherel IS the length of the displacement and a its
angle with the X-axiX.

—



If we apply first adisplacement d,= (I,,a,) to agiven object o and
subsequently apply a displacement d, = (I,,a,) to the new position of
the object resulting from the first displacement, we may think of the
final position of o as of the result of adisplacement d; = (l;,a5)

composed of the displacements d, and d,. We write d, =d, A d,

Using elementary trigonometry we can establish that

_agta, 22
= A, =17 +I; +2cosa - b,

.
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Again, using trigonometry, we could prove that the following

formulas hold for the operation of displacement whered,, d,, d,1 D

and o denotes the "stationary" displacement.

® (dAd)Ad,=dAld,Ad,)
® $0:"d:oAd=dAo=d

® "d:sld)dA(d)=( d)Ad



Group

A group G isaset with abinary operation - that satisfies the
following axioms:

Forany a, b,cl G, wehave
>

‘ (a.b).c:a.(b.c) I
IS associative
O $e'I‘G:"a'I‘G:e-a:a-e:a

@ "al G:%$a'l G:a-a'=a' a=e
every element
has an inverse



In addition, some groups are commutative, which means that for
every a, bl G we have

Such groups are also referred to as Abelian. The group of natural
numbers with addition as the binary operation and 0 as the unit, the
group of rational or real numbers without zero with multiplication
as the binary operation and 1 as the unit and the group of
displacements with the composition as the binary operation and
"stationary" movement as the unit are all examples of Abelian
groups.

Non-Abelian groups are for example the group of matrices with
multiplication or the group S, (called symmetric) of permutations
with composition as the binary operation.



