Extending a displacement

A displacement d defined by apair d =(l,a ) where isthe length
of the displacement and a the angle between its direction and the
X-axix can be "extended" by multiplying its "distance"




Thus any real number a defines an action consisting in extending
the length of every displacement by a.

d=(l,a), al Rp axd=(a,a)




Properties of the extension action

For any displacements d,,d,,d and real numbers a, b, we can
easlly prove

S > axd,Ad,)=ad,Aax,

s> (aAb)d=axdAbxd




Another method of defining a displacement

d=(l,a)




Thus the set of al the displacements in a plane can be viewed as
the set of al pairs (x, y) of real numbers. It is easy to prove that the

operation A of composition of two displacements and that of an
extension can be defined as follows

(% Y1) A (%5, ¥5) = (X + %5, v, + Y,)

a>(x,y) = (ax,ay)



V ector space

A vector space (V,A ) isaset V which, together with the binary
operation A, forms an Abelian group and - is amapping

»RV® YV

such that, for every v,,v,,v.1 V, a,bl R, we have

- a{v,Av,)=ax,Aax,
‘ (a+b)w=axwAbxw
‘ axbx) =(ab)»
- 1%

\Y




Conventions

Sometimes we will just write V instead of (V,A )

The unity element in the Abelian group is called the
ZEero Vector.

Save in cases where this might cause confusion, we
will write + instead of A

Save in cases where this might cause confusion, we
will leave out the sign - for the operation of extension

The elements of avector space V are called vectors
and denoted by letters with arrows (as opposed to the
real numbers, which are called scalars here).



L inear combination of vectors

Let v,,v,,K,v.1V and c,c, K,c,l R.

If v=c¢Vv,+CV,+L+CV, wesaythat visa linear

combination of the vectors v,,v,,K,v. T V

By Lin(v,,v,,K,v,) wewill denote the set of all linear

combinations of vectors v,,V,,K,v,




Generating set

Let V be avector space and G afinite subset of V. If, for every,

vl V wehavevi Lin(G), thenwe say that G isagenerating
set for V or that G generates V.




Linearly independent vectors

Let VV be avector spaceand v,,v,,K,v. | V

If [clv1+czv2+L+cnvn:oI3 Q:Cz:L:CnZOJ

we say that vectors v,,v,,K,v, arelinearly independent.

Otherwise we say that they are linearly dependent.



If v,v,,K,v.TV arelinearly dependent,

we can assume that, in the expression cv, +c,v, +L.+cVv, =0 ,
say, ¢, 1 0. Then

G, G

—_— Cn
V,=-—=V,- - =V,- L--—=Vv

G G G

and thus v, isa linear combination of v,,v,,K,v,

Vectors v,,v,,K,v 1 V arelinearly independent if and only if

none of the vectorsis alinear combination of the others.




A basis of a vector space

Let V be avector space and B its finite subset. We say that Bisa
basisof V if B isalinearly independent generating set.

Bases of a vector space have the following properties.

Every two bases of avector space have the same number of
vectors

Every linearly independent subset of vectors can be completed
to form abasis

Every basisis amaximal independent set

Every basisisaminimal generating set




The properties of the bases of a vector space can be proved using
the following Steinitz theorem:

Let B={v,,v,,K,v,} beabasisof avector space V.

Let U ={u,,u,,K,u,} beanindependent set of vectorsin V.

Then K£n and B contains (n - k) vectors v, ,V; ,K,V, such

that the set { ul,uz,K,uk,vil,viz,K,vin_k} isabasisin V.




To prove the Steinitz theorem we can use the following exchange
lemma

Let v,,V,,K,v. beabasisin V. For any non-zero vector ul V

there exists avector v, such that { v,,v,,K,v,_,,u,v,,;,K,v,}

i+1?

ISabasisin V.




Dimension of a vector space

If avector spaceV hasabasis v,,V,,K,v, wesay that V has

dimension n or that V is an n-dimensional vector space.

vectors.



Let V be avector space with adimension nand let B :{bl,bz,K,bn}

beitsbasis. Then, for every ul V, there exists aunique set of

real numbers{u,, u,, ..., u} suchthat u=ub, +u,b, +L +u,b,

4 )
The sequence (u,, U, ..., U,) Is called the coor dinates of vector u
In basis B.

\ )




-
An n-dimensional vector space V may be identified with the vector

space of all n-tuples of real numbers (u,, u,, ..., u,) with the

operations A and « defined as
N

~

® (ul’UZ’K’un)A (Vl’VZ’K’Vn) = (u1+V1’u2 Vv, K, U, +Vn)

e a(u,u,K,u)=(au,au,,K,au,)



