We say that afunction f (X) hasalimit A at apoint a, formally

lim f (x) = A

X—a

If, for every £ >0, wecanfind o0 >0 such that
A-f(x)|<e

for every xO(a-d,a)0(a,a+9)
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Remember that

@ we are actually not interested in what happens with f (x) at a, but
rather what goes on in each, however small, neighbourhood of a

@ important isthat £ >0 isintroduced arbitrarily as afirst idea, but
0 >0 hasto bethen found accordingly to define all the values of
x for which the condition |A~f ()| <« is satisfied
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No limit of sin(1/x) exists for x approaching 0. Indeed, for any
AC(-1,1) we can take, say, £ =0.1 and then it is easy to see
that for any 0 >0, we can find X, 0(=9,0)0(0,9)

such that either sin(x,) > A+0.1or sin(x,) < A-0.1



Limit from the left

We say that afunction f (X) has alimit A from the left or on the

left at apoint a, formally lim f (x) = A

X—-a—

if, for every £>0, wecanfind >0 suchthat |A-f (x)| <&

forevery xO(a-d,a)



Limit from theright

We say that afunction f (X) has alimit A from the right or on the

right at apoint a, formally lim f (x) = A

X—-a—

if, for every £>0, wecanfind >0 suchthat |A-f (x)| <&

for every (a,a+ )



A function f (X) hasalimit at apoint a if it has alimit from the |eft
at a and alimit from theright at a and if these limits are the same.

imf(x)=A « lim f(x)= AOlim f (x)= A

X—-a— X—at




Limit for X tending to infinity

We say that afunction f (xX) hasalimit A for x tending to infinity

lim f (x) = A

If, for every £ >0, wecanfind X, such that

‘A— f (x)‘ <&

for every x> X,



Limit for X tending to minus infinity

We say that afunction f (X) hasalimit A for x tending to minus
Infinity
lim f (x) =A

X— —00

If, for every £ >0, wecanfind X, such that

‘A— f (x)‘ <&

for every X< x,



| mproper limit

We say that afunction f (X) hasthe limit o at a point a, formally

lim f (x) = oo

X-a

If, for every K, wecanfind o >0 such that
f(x)>K

for every xO(a-d,a)0(a,a+9)

|mproper limit at — is defined in an analogous way.






Continuous function

We say that afunction f (X) is continuous at a if it has alimit

limf (x)= A, isdefinedataand f(a)=A

X-a

-L : 1f ()=sn(3
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Examples of non-continuous functions




Continuous functions on the left or on the right are defined in
much the same way using the concepts of limit on the left or
limit on the right

—
o

/ a

The above function is continuous on the left at a but not on the right.




Examples

limx® —5x* +2=1"~(5)1* +2=-2

X-1

. . CJT N2
lim sinx=sn— =

X - 717/ 4 4 2

. 1+cos’X 1+cos’2
lim =

=1.819369805...
x-2|n(x+1) In3

If it causes no problems, that Is, if the function is defined at the
point a to which x approaches and is continuous at it, we can just
substitute a for x and calculate the value of the function at a.




3 _ -1)(x* +x+1
lim> 1:Iim(x ) +x )=Iim(x2+x+1)=3
X1 X_l X1 (X_l) X1

Since we are not interested in the point 1 itself but only in any
of its (1-a,1) O (1,1+a) neighbourhoods, we can cancel the
expressions(x—1) . The resulting function then causes no
more problems.



Some other easy limits

Ixirra\b =b thelimit of aconstant function

.. a .. a
im—=Ilim—=0 fora#0
X—»oox X—>_0°X

.a . a
im—=o0, |IMm—=-o0, fora>0
X—>O+X X—>O_X

ime* =, limlnx=co, lime" =0,

X — 00 X — 00 X — —00

. T .. 7T
limarctanx=— |im arctanx:—E

X — 00 2 X 5 —00

limlinx=—-o

X-0



Some useful rules:

@ Iim(f(x)+ g(x)):lifgf(x)ilimg(x)

X—-a X X-a

O lim(f (x)[g(x)) Iifr;f(x)[limg(x)

X—a X X—a

O Iim(f(x)/g(x)):lxi[gf(x)/[(i[r;g(x) if Ixifgg(x)io

X-a

O lim

X-a

f(x)‘ =

always provided that both limits on the right-hand side exist

im f (x)

X-a



"squeezing rule"

If limf(x)=limg(x)=A and — &

O

h(x) liesbetween f (x) and g(x) forxO(a-d,a)0(a,a+9)

then limh(x) = A

X-a

/




Limit of a composite function

Let IXi[r;g(x):b, and Iuifrb]f(u):c

Let anumber h > 0 exists such that g(x) b for every
xO(a—-h,a)0(a,a+h)

Then lim f (9(x))=c



Example

: 1 77
lim arctan— = —
X0+ X 2

: T
Since |im1:oo and Ilmar(:tanu:E

X—>O+X U— oo

we have

limarctan— =

1_7
X 00 X 2



Example

2x° _8x 12 ,_ 8,12
2X2_8X+12_. X2 X2 X2 T ; ?_2_0_0_
Im > =lim > =lim = =2

oo =x"=10  x-=  x° 10 X 00 _1_E -1-0




Using the same method, it is not difficult to prove that

O IimQP”(())(()):ooifn>m

P (x)

n

l[iIm =0iIfn<m
® TR

where P, and Q,,, are polynomials of degree n and m respectively
and

® poaX e XA haxta, g
x~o b X" +h _ X"+ +hx+b Db

n




¢ R (x)

Iximpn(x):oo, lim - =0 where P, (x) isapolynomial
jimnX =0, IimP”(X):oowherePn(x) is a polynomial
x- P (x) - |[nX

As X tends to infinity, € grows much faster than any polynomial
and In x grows much slower than any polynomial.




lIm

X-0

Sinx _
X

1

Sin X

v



lim =lna

X-0 X

and as a specia case we have




