Some functions and their derivatives may be diffituevaluate,
however, at special points, this may be easy.
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For a functionf (x) that has derivatives of ordat a point
a,we want to find a polynomidl, . ,(x)  that approximates it in

an interval[a, x|  ¢x,a]

For such an approximation to be good, we need thenfirst
derivaties ofT, ,,(x) and(x) to be identical.

This means that

f (a) f'(a)
P (xma)

T na(X) = (a)

T, .. (x) is called then-th order Taylor polynomial of (x)  at




Given a functiorf (x) , pointsandx, and an intereget, how good
the approximatioT, ,,(x) isx®

Taylor theorem

Let a, x be two different numberga <x orx<a amg O an
integer. Letf (x) be a function that has derivatives of updero
n+1in [a,X]. Let us define

Rn+1(X) = f (X)_Tf ,n,a(X)
Then there exists a numifea<é<x if x<aandx<é&<a ifx<a

such that
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Note that we do not know the exact valueRyf, (x) since we
do not know the exact position 6f betwesandx. However,
IN many cases, we can find an estimate of its absolute.valu

Example

Find the valuesin(Z—zT— O.1} with a precision better flf&h

We have
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™ Sm(2k+1) (5)

+(_1) (2k+1)| —(O.])2k+1

» Sin(2k+1) (5)
(2k+1)!

We need |(-1) (—O.])2k+1 to be less than %0

However, sinc#sin(z"”) (5)‘ <1 ,we caitev
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MacLaurin polynomial

The MacLaurin polynomial of a functior (x) s its Taylor
polynomial ata = O so that:




MacLaurin polynomials to remember
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If a function f (x) has a Taylor polynomia),,, (x) |,
then it is unique.

This means that If, for a given function, we can find a
polynomial that has the form of a Taylor polynomial to,
we know that it is the Taylor polynomial to that function




Example

()=

For -1 <x< 1, f(X) Is the sum of an infinite geometric
sequencd, x,x* ,X° ... so that

i:1+x+xz+...
1-Xx

This means that

T ho =1+ X+ X2+ + X" for —1<x< ]



Example

1+ cos X

f (x) =cos x COS X =




Example

f (x) = arctanx f(x)= 1+1x2

f l(X) ~]1- X2 + X4 —...+ (—1)k+1)(2k

Since for the function T(X) = x——+ _...+(_1)k+1xzk+1

we have T (X) =1-x°+X*—... +(_1)k+1 y X

3 X5

T(X) = x—); + —...+(=1)"" x?+1 must be the Taylor polynomial

for f(x)=arctanx



One way of calculatinax

3 w2+
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For practical purposes, however, this method is of little use.



Example

f(x)—lnl_x

f (x) =In(1+x)-In(1-x)




X3 X5 sz—l
The formula f (x) = 2£x+++...+
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can be used, for example, to evaluate natural |dgast

1+X _a-1
1-X a+1l

— =1<x<1fora>C



Example

Calculate In 2 to five decimals.

For x:E we have%gzz
3 1-13
it can be further established theR,., (X)| < 2
(n+1)3™

2 1

+1
(n+1)3“+1<10"’ = (n+1)3™> 2010

This means that we have to takat least 9 and so

In2=2 £+(]/3)3+(1/35+(137+(;[:);9 = 0.6931-
3 5 7 9




For [ <1 and any reale can write

a a a a-1 a a-2,,2 a a-3,,3
X+y) =x*+| [X*Ty+| _|X +| _IX +.
(x+y) m y @ y [3] y

where @_a(a—l)(a—zy--(a-kﬂ)

- k!

This can be used, for example, when calculatingréngor
polynomial forf (x) =1+ X






