If f(x) isdefined ofia,b] anid(x)>0 fora<x<b

thenf (x) is increasing ¢a,b]

If f(x)<0fora<x<b

thenf (x) is decreasing [mb]




Bending-up and bending-down curves

Let f (x) be continuous arfd(x) andf"(x) existin[a,b] .
The second derivativé (x) is the rate ohgesof the slope
of the curvey = f (x) . Ifit is positive the interval, the curve
IS bending up. If the second derivative is negatiwe curve is

bending down.

\/ bending up / bending down
£'(x) >0 /7 1 (x)<0




Inflexion points

A point at which a curve changes its behaviour flmanding up
to down (or vice versa) is called an inflexion golha curve is
the graph of a functiori (x) ~ whose seconddgve exists and

is continuous, then we must haf/gx) =0 t that point.



f (x) = (X;OZ)s 1 (x)=3(x-2) = (2=
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Maximum and local maximum of a function

Let a functionf (x) be given with a dom@ f ) . For acOD( f)

we say that is the point of anaximum of the functionf (x) If

OxOD(f): f(c)= f(x)

If a neighbourhoodN () =(c-J,c+J) exists such that

OxON(9): f(c)=f(x)

we say thaf (x) hadecal maximum atc.



Minimum and local minimum of a function

Let a functionf (x) be given with a dom@i f ) . For acOD( f)

we say that is the point of aninimum of the functionf (x) If

OxOD(f): f(c)< f(x)
If a neighbourhood\ (J) =(c-d,c+J) exists such that
OxON(9): f(c)< f(x)

we say thaf (x) hadecal minimum atc.




points of local maximum points of local minimum
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Let a continuous functiori (X)  be definedaorinterval[a,b] .

Let c be a point of maximum (minimum) df(x)  fab] .

Thenf (x) has a local maximum (minimumg at

or cis one of the extreme poinisandb




If a functionf (x) is to have a local maximutagointc, then
there must be a neighbourho@etJ,¢) 0 (c,c+3J) ofc such
that f (x) isincreasing ifc—J,c)  andrdasing ir{c,c+J)

Thus f'(x) >0 forxO(c-d,c) anc f (x)>0 forxO(c,c+9)

This is only possible if eitheff (c) =0 rtbe derivative off (x)

does not exist at.




A sufficient condition for a local minimum/maximum

If, for a functionf (x) , we have
f9(c)=0,i=12,..,x- Tf™(c)< 0 for an integér>
then f (X) has a local maximunrcat

If

fU(c)=0,i=1,2,..,x- Tf™(c)> 0O for an integdr>

then f (x) has a local minimumcat



With k=1 we have a particular case of this rule :
f (c)=0 andf (c)> 0 for a minimul

and

f (c)=0 andf (c)< 0 for a maximu



Example

Find minima and maxima of the function= 2x+ 3/ x°

. 2 Yo 2 2,
Y—2+3§x 3-2+3 =3 (&H)
Yx+1=0= x=-1

2yt T2y (-1)=22

Y =3 X

Maximum at -1.



Example

Verify if f(x)=x" has a local maximum ofmimum
We have
f(x) =4, (x)=12,f (x) = 24 f (4) (x)= 2
and so

£(0)=f"(0)=f"(0)=0,f( 9> (

We conclude thdt(x) has a local minimum at O.



Example

Find the local minima and maxima of the functigrF 1—\x\

A

y




We have

1+ x forx< C 1forx<O
y={ Y={
1-x forx=( -1 forx>0C
im= Xty gimiEXTio
x-0- x—0 x-0+ x—0
1-|x-(1-|q) S
Thus at O |II’T(1) - doesaast which means that

y =1-|X| has no derivative at 0. Since it is increasingtan t
left of O and decreasing on the right, we conclilnde: it has a
local maximum at O.



Find the maxima and minima of the functigre X* —2x°

on the interval{2, 1.5]
y =4x° = 4x = 4x(x+ I (x- ]

Since local minima or maxima can only be reachaubatits

where the first derivative is zero and minima oximea can
also be reached at the extreme points, the onlgidates for
maxima and minima are the point3,-1,0,1,1.5. Calculating
the values at these points we can verify that timegnna are
reached at the pointd and 1 while the maximum is reached

at the point-2



