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L ower integral

If thelimit for n - o of thelower sum of afunction f (X)
exists, we call it the lower integral of f (X) over the interval

[a,b].

1 (f, ab)_nmﬂzf(_i) with %= glb f(x)

n-e XD[>9_1,>q)




Upper integral

If thelimit for n - o of the upper sum of afunction f (X)
exists, we call it the upper integral of f (x) over the interval

[a,b].

| (fab)—hm—Zf( x,) with X = [Iub f (x)

XC[ %1, % )




Rieman integral

If, for afunction f (x), both itslower and upper integrals exist
and are the same, we say that f (X) is Rieman-integrable and call

the common value of the lower and upper integral the Rieman

Integral of f (X). Formally

b
I.(f.ab)=1,(f.ab)=[f(x)




Example

Find the lower and upper integrals of the function f (x) = x°

over theinterval [0,1].
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How can wecalculate §F =1 +2°+3° +... +n°?

(n+1)n
2

T >
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2°-1°=301°+3Q+1 srf:%((n+1)3—1—35§—n)
3-2°=3@2°+32+1 R
F-P=3F+3B+1 5720 +3n+)

Put SS=1+2+3+-.-+n=

(n+1)3:—n3 S0 43041

(n+1)’-1=332+3S. +n
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U (x*,n,0,) :ii(iﬁf :%giz

Nz

U (xz,n,O,l) = Lim%(E(an +3n +1)j

2
U (x2,n01) =lim2 o1
n-« BN 3

1
Thus we have calculated that j X“dx = %
0



Example

Ca culatejsin X dx
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If follows from the symmetry of the'figure that we can write

7

]Tsinxdxzzjsinxdx
0 0



Partition [O, l—j Into n subintervals each having a length of 2—7:]

SSn—
on~ 2n  2n = 2N

n-1 n-1
Set up L(smxno j ZIT. k _ &k
=0

< . kmr
To calculate ) S n-~ first note that
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COS— +ISInN— =e?2" =| 2"
2N 2N

with |e2n| <1




Clearly, Lelzn,(elzf‘] [e'Z”j ,[e'”‘j ,...,[elzf‘

IS a geometric sequence, which we can sum up:

7T )2 )2 )2 a\"t
|— |— |— |— —
1+e2”+£e2”j +[e2”] +[e2”j +...+(e2“) =




L et us now calculate the limit

1.6z g,
I|m2 — —2—I|m 5 lim
T 1 em e 4N
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:Zﬁlim 1__| = 7(1-i)lim—20_ = 77(1-i)
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Thus we have established that

COS— +i1Sin—

Tzt ok ﬂ”_l( k7T kﬂj
2N 2N

n-1 % %
kiT 7T kT E
=lim=— Zcos—+|llm SiN— = jcosxdx+|jsmxdx
n-e 2N 2N 2Ni= 2N
n —- oo
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This means that jcosxdx: jsinxdle

and so _[sinxdxzz



The previous examples have shown that
finding the Rieman integral of even relatively
simple functions by using only the definition of
the Rieman integral may be a very tedious job.

Fortunately, there are other methods, too.



Theorem

If afunction f (X) isintegrable over [a,b], then the limit of its

Rieman sum is equal to the integral of f (x) over [a,b].

To provethis, it is suficient to realize that

L(f,n,ab)<R(f,nab)<U(f,n,ab)foreveryn,since

gb f(x)<f(&)<s Jub f(x) forany & O[%_,x%)

XO[% . % ) X[ %-1.%)

The rest then follows from the squeezing rule.



Let an integrable function f (x) be defined on an interval [a,b] and
let it have an antiderivative F (X), that Is,

F(x):jf(x)dx
Let usdivide[a,b] into n equal subintervals, denoting by x the
dividing points and putting a = x,, b = X,

a=Xg X X X3 Xp2 X1 Xp= D

then we can write

F (0)-F(a) =2 [F (%) F ()] =2 [0 - %) 16)]

=1

where & O(%_,,% ),i =12,...,n using the mean value theorem.



F (0) = F (@)= X[ F (%) F ()] = X[ (5 =) 1(&)]

holds for all integers n and thus it could be easily proved that this
equality will also hold if we take the limit for n — oo

Then F(b)—F(a):Limizzlz[(x—x_l)f(gﬁ)] and since f () is

Integrable over [a,b], we have

F(b)—F(a):j:f(x)dx

Newton-Lea bnitz formula




