If afunction f (x) iscontinuouson aninterval [a,b|, thenitis
Rieman-integrable.
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If afunction f(x) isbounded onaninterval [a,b], and hasat most a
finite number of points of discontinuity, then it is Rieman-integrable.
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If afunction f(x) is monotonous and bounded on an interval [a,b],

then it is Rieman-integrable.
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If afunction f (x) isintegrable on aninterval [a,b], then so are

functions | f ()| and kf (x) where k = const .
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If afunction f (x) isintegrable on aninterval [a,b], thenit isalso
integrable on any subinterval [c,d| O[a,b]. If, in turn, the
interval [a,b] is broken down into partsand f (x) isintegrable

on each of the parts separately, then f (x) isintegrableon[a,b] .




If afunction f (x) isintegrable on aninterval [a,b], thena

function g(x) suchthat f (x)=g(x), for every xO[a,b]

except afinite number of points X, X%,,..., % U

f (x)#g(x) , then g(x) isalsointegrable on
Y“
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a,b] .
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A function may be integrable even if it does not satisfy any of the
above conditions as illustrated by the following example:

Let f(x) beafunction defined on[0,1] asfollows

~ 1 If x:B where p,q arerelatively prime integers, >0
q q

f(x)==<

-~ 0O otherwise

We shall prove that it isintegrable on [0,1].



Let O=x,<x <X <---<x ,,X =1 beapartition of [0,1]
suchthat x —x_,<A,i=12,...,n. Thus A :E
n

For any natural number N, we can divide the partition intervals

Into two groups.




Intervals of the first group will be those that contain a number P

q
suchthat g< N and p, g arerelatively prime integers. Since
gﬁl ,wehave P<4 ,which meansthat thereisonly a

finite number k of such numbers. Since, in the extreme cases,
every such number could lie at the border of two partition
Intervals, there are at most 2k such intervals. Their total length
L, then does not exceed 2Ak. To denote that the number k
depends on N, we will write L, =2Ak(N)



Intervals of the second group will only contain rational numbers
Bgl suchthat gq> N so that, for any x in an interval of the

1
sgcond type, we have f(x)< N

If we denote by M., m, the minimum and maximum of f (X) on

[>§_1,>§] respectively, then M. —m <% if [>§_1,>§] ISa

partition interval of the second type.



To provethat f (x)isintegrable on [0,1] we have now to show

that, for every £ >0, we can choose A such that

n

2 (Mi-m)(x -x)<e

=1

However, we can write

n

2 (M =m) (% —x_,) =Z(|V|,- —mj)(xj _Xj—1)+Z(Mr -m )(x —%_)

=1

where the first summation is performed over al the intervals of the

first group and the second over the intervals of the second group.



From what was said above, we can conclude that

(M =m)(x = %)+ D (M, =m)(x =x_,) < 2k(N) +%

Now if we first choose N>E and then A < d , we get
£ 4k(N)
L E 1 & ¢
M. — =X 2k( N - 4+ _ =
DM =m)(x ~x.0) <2(N) s+ 5 =55 =8
E



In the following example we will define afunction that is not
Integrable over the interval [0,1].

1if x1sarationa number
x(x):{
O if xI1snot arational number

Thisisthe so-called Dirichlet function. Clearly, for every partition

a=X,<x <X <---<x_,X =b of [0,1], each subinterval [>§_1,>§]

contains both rational and irrational numbers so that M. —m =1

n

and iZ;:(I\/Ii -m)(% —%.) =D (x —x_,) =b-a, which means

=1

that X (X) IS not integrable over [0,1].






