We want to calculate the integral

m m-1
JNm(X) ix= [ ra, Kt e,
D, (X) X"+ X"+ +b _x+b

We can assume that m< n. If thisis not the case, we can divide
the numerator by the denominator using the remainder as a new

numerator.



Example

x? +17x° +109x" +339x° +614x° +862x* —831x° + 665x° +325x +125

X" +17x° +108x° +322x* + 506> +540x* + 325x +125

X' =3 +2x -1

2
X +1+
X" +17x°% +108x° + 322x* + 506X + 540x° + 325x +125




The denominator can be written as
D,(X) =h,(x-a,)" - (x—a,)" (x2 +,le+y1)0“---(x2 +,th+yt)Qt

where a,,aq,,...,a, aretheroots of D(x) with multiplicities

.00l and, for i=1,2,...,t, wehave 5° -4y, <0. Clealy,

S t
D.+2.q,=n
=) =1



It can be shown that

a X" +a X" +--+a, X+a,
X" +bx"™ +.--+b _x+b

can be written as

& Au .+ ASI — + N B1ix'|'(:1i .+ , Bt|X+CtI
Z Z:( a,) = (X"',le"'yl) 'Z:;(X-I_'th_l_%)

Where the as yet unknown coefficients A, B;,C; can be calculated
from a system of linear algebraic equations obtal ned by first
multiplying the equation by the denominator on the left and then

comparing the coefficients of the polynomials on both sides of the
equation.



Example

X' =3x° +2x-1 ~
X" +17x° +108x° +322x* +506x° +540x* + 325x +125

X' =3x>+2x-1

(x+5)3(x2 +x+1)2

— All + A&z + ALs +811X+C11+ B12)("'(:12
X+5 ()(+5)2 (x+5)3 X2+ x+1 ()(2+x+1)2




X' —=3x° +2x-1= ,611(x+5)2(x2 +x+1)2 +ALl(X+5)(X2 +x+1)2 +

(1 52 (B ) (x5 [+ x1)

3
+(812X+C12)(X+5)
03830 . 97 . 989
A= 64827 Ao = 343’ g 441
3830 3013 101 -8
B, = C,= B, C, =

64827 M 64827 3087 ¥ 3087



All we need to do now to finish the task isto calculate the integrals
of the following types:

Adx
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2X+ f3 X° + Bx+y =t

dx = :j%dtzln\t\:

X2 + BX+y (2x+ B) dx =dt

= In‘x2 +,6’x+y‘



J - 1 dx:j 12 > dx =
X2+ BX+y x>+ Bx+(B/2) = (B/2) +y

_ 1 X = 4 L
o a o) wzf[ Mj
Jay -

dx =

2X+ [ .
\/41/—,32 _ 4 \/41/ ,b’j 1
t2 +1

2dx — gt 4y — B°
Jay - B

= arctant = 2 arctan[ X+ P ]+C
Jay-p’ Jay-p° 4y -F



%:% Thefinal result:

C-BS 2X+f

J‘ Bx+C

_B |2
X2+IBX+ydx——In‘x +,Bx+y‘+

Jay- B2 J4y 5



i:% To show how to calculate j( ZB);C )ndx
X“+ [OX+y

we will use the following example:

X+1 1¢2x+2
J 5l

dx = lej 2X dx+_[ L dx =
(x? +1) (x2+1)  2d (x®+1) (x2 +1)

-1 1
2 +1)+j(x2 +1f >

1 1
Put j(xz—ﬂ)dx:|1andj(xz+1)2dx:|2



We know of coursethat |, =arctanx but suppose wetry to

Integrate it by parts:

1 X X x> +1- 1
= dx= 2 ~d 2j
X +1 X +1 2 x +1
X
=7 +2-2,

Thus Izzi(xzxﬂﬂlj and |2:;( 2X+1+arctanxj
X



