Integrals of rational expressions in trigonometric functions

These are expressions of the type

P(sinx,cosx, tan x, cot x)

R(sinx,cosx, tan x, cot x) = Q(sin x,cosx, tan x, cot x)

where P(X,%,, %, %, ),Q(X, %, %, X, ) are polynomials.

. Sin X COS X .
Since tan x =——,cot X =——, we can write

COSX sin X

. — P(sinx,cosx)
R(sinx,cosx, tan x,cot x) = R(sinX,cosx) = —

Q(sin x, cosx)



jﬁ(sinx, cosx) dx

When calculating this integral, we can always use the universal
substitution

tan> =t sin’ = t cos > =
N5 = 2 J1-t2' 2
/\/ | 2t 1-t2
Sinx= —,COSX = -
141 1+t 1+t
X/2
t X = 2arctant
20dt
dx =
1 1+12




Example
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If R(-sinx,cosx)=-R(sinx,cosx) then the simpler substitution

will do.

SnXx=+/1-t*
—dt
1-t°

dx =

Similarly, if R(sinx,—cosx) =-R(sinx,cosx), then

sinx =t

COSX =+/1—t°

dt




Example

1 Snx=t 1 dt dt
—— _dx= — — —
cosx . |dx= 1dtt2 j\/1—t2 J1-t2 Il‘tz
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Integrals of the type

(ax+bj;l (ax+b]§§ (ax+bj§§
IR ) Jeo ooy ,X dX
cx+d cx+d cx+d

where

a b
C

70, p,q arereatively prime positive integersfori =1,2,...,s

can be calculated using the substitution

1

q . :
j =t where gisthe least common multiple of q,,0,,...,0;

(ax+b
cx+d



Example

X+1
j Xx—1

+ 3 X+1dx:
Vx—l

t°+1




Euler substitutions

When calculating integrals of the type

jR(\/ax2 +bx+c,x) dx

where R(y,x) isarational expression, we can use Euler
substitutions that transform the integral into

[R(t) o

where R(t) isarational expression.

There are three types of Euler substitutions.



Typel

JR(\/ax2+bx+c,x)dx a>0

Jax? +bx+c =t —/ax
ax? +bx + ¢ =t? — 2:/axt + ax?

t’ —c +
X = dx=2 bt \/ac

b+2/at (b+2//at)



Type?2

JR(\/ax2+bx+c,x)dx c>0

Jax? +bx+c = xt ++/c

ax? +bx+c=x42+2Jcxt +c¢

_2Jct-b _1ct?-bt+ai/c
X = dx =—

a—t° 2 (a_tz)z



Type3

jR(\/ax2+bx+c,x) dx | b°-4ac>0

ax” +bx+c=a(x-u)(x-v)

Jax® +bx +c =t(x-u)
a(x-u)(x-v) :tz(x—u)z = a(x-v)=t*(x-u)

_tu-av i = 2ta(v—u)

e - dt




Another method of calculating integrals of the type

jR(\/ax2 +bx+c,x) dx

By completing the square under the square root sign, we eventually
arrive at the following three inegral types:

® ) IR(\/mz—zz,z) dz

® 2 jR(\/m2+zz,z) dz

O 3 jR(\/zz—mz,z) dz



® ) _[R(\/mz—zz,z)dz
Substituting

Z=msint, dz= mcost

yields

mj R(mcost,sint)cost dt



® 2 IR(\/m2+zz,z) dz
Substituting

Z=mtant, dz=

cos’ t
yields




O 3) _[R(\/zz—mz,z)dz

Substituting

m msint
Z=——,0dz= >
cost cos~ t

yields

dt

mj R(mtant, m j Sint

cost ) cos”t



Problems to solve

@ J‘\/B—Zx—x2 dx
@ J\/ﬁdx

@ j\/g):T dx
@ j\/x2—2x+2dx
@ jx/ﬂdx

@ jmdx
@ j\/x2—6x—7 dx




Results
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X21\/3 2X — X° +2arcsmx 1

ZN2+ X +In(x+\/2+ x2)
g 0+ X° —gln(x+\/9+ x2)

XT_lx/xz —2x+2+%|n(x—1+\/x2 —2X + 2)

gx/xz —4—2In‘x+\/x2 —4‘



Results

2X+1\/x2 + X —éln‘2x+1+ 2/ X° +x‘

4

%3\/% —6x—7—8|n‘x—3+\/x2 —6x—7‘

5 X—2
X—1

iar(:tan X2
J2 J1-X°
1 J1+ X2 + X2

In

202 |1+ %2 =2
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