Integral of an unbounded function

If f(x) is unbounded in any neighbourhood of a paift|a,b]

and continuous foa< x<c, c< x<b then we put

c—¢& b

b
_f[f(x) dx = lim _! f(x) dx+,!|pg+c+nf(x) dx




Cc—& b

If the limits lim | f(x)dx and lim

a c+n

f (x) dx

b
exist, we say that the integrﬁtf (x) dx is convergent or converges

otherwise we say that it diverges or is divergent.
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If c=aorc=Db, the integral is defined in much the same way




If a functionF (x) exists continuous orajb] such that

F(x)=f(x) for xO[ab],xzc then

:[f(x)dx:F(b)—F(a)

b
if |f(x)<®(x),asx<b then if |®(x)dx converges

b
SO doesJ' f (x) dx



if f(x)=0 and IXi[Tl{f(x)\c—x\m} = Az o, A20 thatis

f(x)= Am as x - c then
c-x

b
O jf(x) dx converges fom<1

b
O _[f(x)dx diverges form=>1



Integrals over unbounded intervals

If a function f (x) is continuous for< x <o  then we put

b

f(x) dx:tl)ifrlaf(x) dx
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b 00
If the limit  lim | f (x) dx exists, then we say thaf f (x) dx

b oo
a

converges or is convergent, otherwise we say tliiaierges or
IS divergent.

b

b
By analogy, we put j f(x)dx = lim |1 (x) dx

andIo f (x) dx= lim (Iim b f(x) dxj
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If ‘f(x)‘scp(x),asx then iijD(x) dx converges

so does j f (x) dx



f f(x)=0 and lim{f(x)x"} = Az, A20 thatis

X-C

f(x):ﬁm as X -» oo then
X

O Tf(x) dx converges fom> 1

O _[f(x)dx diverges form<1
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The integral diverges.



Example

dx =lim (arctanb - arctan = 7—;

dx =Ilim >
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Example

Determine whether the Euler-Poisson intedraﬂxz dx converges.
0
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Put }oe‘xz dx:ie‘xz dx+Te‘X2 dx
0 0 1

The first integral on the right-hand side is noprmoper and the
second one is convergent since we have
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e <e” forx=1 and

0 b
je‘x dx=Ilim|e™* dx=Iim (—e‘b + e‘l) —e !
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Example

Determine whether the |ntegr§ o dx converges or not.

x> +1




As X . oo Wwe have

1 1 1 1
32 - W
)
X X
dx
Since the mtegraj— dx converges, SO doe§ dx
x> +1
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Example

1
Determine whether the integrfx! dx converges or not.
0

dx
V1-x*
At x = 1, the integral is discontinuous. Using the folanu

1-x* =(1-x)(1+ x)( 1+ x2)

we obtain

1 1 1 1

1-x* J1-x)(1+x) (1) (1-x)2 (2 %)( 2+ )




This means that, as -1 , we get

1 1( 1 )]/2
1-x* 2\1-X
1

1
Since I(l j dx converges, so doe§
X

0)'4 dx
o V11— X4



