Points of condensation

Let M1 E,and X =[x, %,K,x,]T M

We say that X isapoint of condensation of M if every

nelghbourhood of X contains at least one point of M.
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Let f(x,%,K,x,) bedefinedonM andlet A=[a,, 8, K,a,]T M

be apoint if condensation. We say that bl R isthelimit of

f (%, %,K,X,) at Aif|for every >0

-a nelghbourhood - ,d >0 such that

foral X =[x,%,K,x,|T N(Ad) wehave




We use the following denotations:

lim f (X)=b
lim f(X)=b



Some basic properties of limits of functions of one variable also

extend to [imits of functions of more variables such as

@ lim(f(x)£g(x))=limf(x)limg(x)

X® A

@ lim(f(x)g(x))=lim f(x)ximg(x)

X® A X® A

@ lim(f(x)/g(x))=lim f(x)/limg(x) limg(x)* 0

X® A X® A X® A
O lim c =c, wherec Is aconstant
X® A
O lim (kxf (x)) =k lim f (x)

Provided that the right-hand-side limits exist



Also aparalld of the squeezing lemma can be formulated:




Similarly, it can be proved that, if afunction hasalimit at a point

A, then the limit is unique.

However, finding the limit of afunction of n variables or even

proving that a function of n variables has alimit is a much more

difficult task than in the event of afunction of one variable.

\\/




We will now develop some means that can help usin this

difficult task and apply them to functions of two variables.



Let X, X,,K, X,,,K beaninfinite sequence of pointsin E, .

Wesay that X, X,,K, X ,K convergesto apoint A if,

for every e >0 , thereisan index N such that, for n> N,

we haver (X,, A)<e Formaly, wewrite
X, X, K, X, K® A
° o or

ImX. = A

n® ¥



The following two assertions are equival ent:

. jim 1 (X) =b

. For every sequence X, X, ,K, X ,K of pointsin D(f)

suchthat X,, X,,K,X,,K® A wehave limf (X,)=b

n® ¥




Example

2

Prove that the function f (x, y) = Xy

X+y

X2

X+y

0 2 2 ElY

_y£ Xy £y
X+y

limy=1lim(- y)=0

y® 0 y® 0

has alimit at [0,0]



Thislimit does not exist:
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Letz=f (X, y) be a function of two variables defined on the set

[%-a,%+a] [¥o- b,Y, +b] andletthelimit lim f (x,y)

Y® Yo

be defined for every X1 [x,- a,%, +a|. Thuswe can define

afunction j (x)=1im f(xy) If limj (x)=A thenthe

Y® Yo X® Xy

number A is called the doublelimit of f (x,y) at %y Yo]
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If

X® 0
y® 0

@ limf (x,y)= A where f(x,y) is defined on arectangle

[%-a,%+a]| [Yo- b,y, +b]

@ forany yl [yo- b,y0+b] there exists alimit
I (y)=lim f(xy)

Then the doublelimit limj (y) existsand limj (y)=A

y® Y, Y® Yo



Example

i 1 o
imxsin xsin=|£|x b limxsin==0
y® 0 y y );CC@@(()) y

fory=0, nolimit for x® O exists

[
O

Counterexample showing that if condition 1
1S satisfied 1n the above theorem condition 2
need not be.



Example /\/

Reverse assertion may be false

lim Xy

®0
BX Y - T

lim 8? —I|ma?|m -0 No [imit exists
x®08y®0x + yﬂ yeo X®OX + yg //

. . r°cosj sin

lim ny 2:I|®O 12 J =C0s| Sin|

®0

);@ox Ty r r =

different results for different
approaching angles




We say that a function f(X) = f(x,X,,K,X ) iscontinuous at
A, A=|a,a,,K,a | ifitisdefined at A and has alimit that is

equal to f(a,,a,,K,a.)




If f(x,%,K,x,) and g(x,%,K,x,) are continuous at
la,a,,K,a,| thensoare
F (%% K %)+ 9 (%0 %, K, %)
f(Xl,XZ,K,Xn)- g(Xsz’K’Xn)
F (%0 %K, %, ) %9 (%, %, K, X, )

F (%%, K, %) 9 (%%, K, x, )

if 9(a,a,K,a,)t 0



If f(v2 ¥2.K, ¥i) and

U, (%0 %, K, %, ) U, (3, %, K, % ) K U (%%, K X))

are continuous at [ai, a,,K, an] , then so is the composite function

N (%%, K, %) = F (0 (6%, K, %) 1, (06, %, K, X ) K Uy (%%, K X))



Notethat , if afunction f (Xl,Xz,K,Xn) iS continuous at

la,a,,K,a,| itslimitat [a,a,,K,a,| iscaculated

simply by substituting [a,,a,,K,a,] into f (%, %, K, X,)

lim £ (x,%,K,x )= (a,8,K,.a)

X® X
X® X,
M

X® X,




