Implicitly defined function

Let f (Xl,Xz,K,Xn) and g(X11X21K1Xn1y) be two functions such

that, for every (x,%,,K,x,)T D(f), wehave

(%%, K, %, f(%,6,K,%,))T D(g)

and 9 (%%, K, %0 (%%, %,)) =0

Then we say that the function Y = f (X, %,,K,X,) isdefined

implicitly by the equation 9(X,%,,K,X,,y)=0



Example

The equation X°+Yy° - 1=0 definesfor y2 0 implicitly

the function y=+v1- X°
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Does every eguation

g(x,%,K,x,,y)=0
define implicitly afunction

y=1 (Xl’XZ’K’Xn)

?



Let the function g(x.,%,K,X,,y) have continuous partial

derivativesin a neighbourhood of apoint (ai,az,K,an,b)

and let 9(a.3,,K,a,,b)=0,9,(a,a,K,a,b)* 0
Then there exists a continuous function f(xl,xz,K,xn) ina
neighbourhood of (&,,a,,K,a,) givenimplicitly by the equation

g(x,%,K,x,,y)=0

and

!



the function f (x,,%,,K,x,) has partial derivatives at the point

(ay,8,,K,a,) given by theformula

fig(a.2,,K,a,b)
if(a.a,K.a)_ fix
¢ T9(a,a,K,a,,b)

Ty







Example

X°-2y°+3z°- yz+y=0 Find Ylz 1z at [x,y]=[11]

T Ty
2= 13

X°-2y°+3z°- yz+y=0 b d(xz- 2y’ +37° - yz+y):0
2xdx- (4y- z+1)dy+(6z- y)dz=0

d7 = - 2X dX+4y+z-1
6z- Yy 6z- Yy

dy

1z 5 ﬂzle

™ 'y 3




Higher order partial derivatives of implicitly defined functions

When calculating apartial derivative of, say, order k, we differentiate
a suitable previously calculated partial derivative of order k - 1,
substituting previously calculated values whenever necessary.

2
Example Find '"_f of the function defined as above
91X
2 - 2(6z- y)+2x>6E
7z _ T adzo_ fx

" Tx&xz  (6z- y)

Tz _-2(2-1)+2>06(-2)

. . =-26
Tix (1)




