
Another sufficient condition of local minima/maxima

Let a function                            have continuous second order 

partial derivatives at a point              and let  
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has a local maximum at A.
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has a local minimum at A.



Relative maximum

Let                           be defined on a set               and let a set U be 

defined by the constraints 
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If, for a point           , there is a neighbourhood            such 

that

A U∈ ( , )N A δ

( ) ( ) ( ) for ,f X f A X N A Uδ≤ ∈ ∩ , we say that 

( )1 2, , , nf x x xK has a local maximum at A relative to U.



Relative minimum

Let                           be defined on a set               and let a set U be 

defined by the constraints 

( )1 2, , , nf x x xK nM E⊆
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If, for a point           , there is a neighbourhood            such 

that

A U∈ ( , )N A δ

( ) ( ) ( ) for ,f X f A X N A Uδ≥ ∈ ∩ , we say that 

( )1 2, , , nf x x xK has a local minimum at A relative to U.



Method of Lagrange multipliers

Let U be given by the set of constraints 
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We are to find local minima or maxima of ( )1 2, , , nf x x xK

relative to U.
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The numbers                      are called Lagrange multipliers.1 2, , , kλ λ λK



We are now looking for points where the first partial derivatives 

of                           are equal to zero (stationary points) while 

satisfying the constraints. This leads to the following system of 

equations:  
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We have n + k equations for n + k unknowns 

1 2 1 2, , , , , , ,n kx x x λ λ λK K

By solving (*), we find a set                of candidates nM E⊆

for local maxima/minima.



Finally, we test each              whether                      X M∈

( ) ( )2 20 (maximum) or 0 (minimum)d L X d L X< >

using the fact that the first differentials of the constraints have 

to be zero at X: ( ) ( ) ( )
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Example

1z xy x y= − + − Constraint: 1x y+ =

)1(),( −+++−= yxyxxyyxL λ

λλ ++=
∂
∂+−=

∂
∂

1,1 x
y

L
y

x

L

1

1

1

−=+
=+
=+

λ
λ

x

y

yx

2
1

,
2
3

,
2
1

   :Solution
−==−= λyx

1,0,0
2

2

2

2

2

=
∂∂

∂=
∂
∂=

∂
∂

yx

L

y

L

x

L

dxdyLd =2

dxdydydxyx −=⇒=+⇒=+ 01

02 <−= dxdxLd

Relative maximum at 




−
2
3

;
2
1



Example

Constraints: 3 7 0
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