Another sufficient condition of local minima/maxima

Let afunction f (x,X,,...,X,) have continuous second order

partial derivativesat apoint ALE, and let @:O,i =12,...,n
X

If d2f (A)<O foral dx,dx,,...,dx,  then f(x,%,....x)

has alocal maximum at A.

f d?f (A)>0 foral dx,dx,...,dx, ., then f(x,%,...,x,)

has alocal minimum at A.




Relative maximum

Let f(X,%,...,X,) bedefinedonaset M O E, andletaset U be

defined by the constraints

91()(1’X2’---’Xn):
92(><1,X2,-.-.,><n)=

0
0

G (% %100 %,) =0
If, for apoint ALJU, thereisaneighbourhood N(A,d) such

that f(X)< f(A) for XON(AJ)nU , wesay that

f (X %,-.-»%,) hasalocal maximum at A relativeto U.



Relative minimum

Let f(X,%,...,X,) bedefinedonaset M 00 E, and let aset U be

defined by the constraints

91()(1’X2’---’Xn):
92(><1,X2,-.-.,><n)=

0
0

G (% %100 %,) =0
If, for apoint ALJU, thereisaneighbourhood N(A,d) such

that f(X)= f(A) for XON(AJ)nU , wesay that

f (X%, %,) hasalocal minimum at A relative to U.



Method of Lagrange multipliers

Let U be given by the set of constraints
g (X, %, %,)=0,i =1,2,...,k
We are to find local minima or maxima of f(Xl,Xz,..-,Xn)

relative to U.

First we define L(xl,xz,...,xn) called a Lagrange function

as L(xl,xz,...,xn):f(xl,xz,...,xn)+nZ:/ligi(xl,xz,...,xn)

The numbers A,,A4,,..., A, are called Lagrange multipliers.



We are now looking for points where the first partial derivatives
of L(X,%,,...,X,) are equal to zero (stationary points) while
satisfying the constraints. This leads to the following system of

equations:

(*)




We have n + k equations for n + k unknowns

Xy Xoyeres Xy Ay Ay Ay

By solving (*), wefindaset M [ E, of candidates

for local maxima/minima.



Finally, wetest each X 1M whether

d*L(X) <0 (maximum) or dL(X) >0 (minimum)

using the fact that the first differentials of the constraints have

to be zero at X;

agl(x) agl(x)

dx, +

agz(x)

0X, 0X,

dx, +-

dx, +-

(X)
X,

.99
0
. 99;
ox,

499 (X)

0X,

dx, =0

(X)dxn:O

dx, =0




Example

Z=Xy—-x+y-1 Constraint; X+y=1
L(X,y) =Xy—-x+y+A(x+y-1)

oL oL 0°L 0°L 0°L
S TYlHA, == ~5=0, =0, =1
ox 4, oy X+l 0x* oy’ Ox0y
X+ = 1 d°L = dxdy
y + A = 1 yx4y=1=dx+dy=0= dy=—dx
X + A = -1 ﬂ
. - 3 _1 21
Solution: X=—,y=—,A=— d°L =—dxdx<0
2 2 2

Relative maximum at [_21 : ﬂ



Example
W=x"+y*+7z° Constraintss X+y-3z+7=0

X—y+ z-3=0
L(X,Y,2) =X+ Yy’ +Z° + A (X+y-3z+7)+ A (x-y+z-3)
oL oL oL
&:2“/‘1”2:O,O—yzz)’ﬂl‘/‘z:0,$:2X‘3ﬂl+ﬂz:0
Solution: x=0,y=-1,z2=2,4=1,4,=-1
O°L_0°L_0°L_, O°L _0°L_0°L _,
x> ody> 0z°  Oxdy O0x0z dyoz

d°L = 2(dx* +dy” +dz*) >0

Relative minimum at [O,- 1,2]



