DOUBLE INTEGRAL

Perhaps the simplest motivation for the introductba double integral is the need to

establish the volume of a solid bounded by a caotis functionf (X, Y) defined over
a bounded closed planar aiMa

M =[-2, 2]x[-2 2] ‘.

f(x,y)=sin
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PARTITION OF A PLANAR AREA
Let... X3, Xo, X1, Xo, X1, X0, X3, ...ANd... V3, Vo2, V.1, Yo» Y1, V2, V3, ... D€ sequences of

real numbers such thgdtm X., =~ = limx, = oo imy_, =-0 g9 rl]'[‘]o Yn =

' noow g Y]
We say that the perpendicular grid formed by thaight lines
X=X,n=...—3-2—-10123..., y=y,,n=..-3-2-10123...,
Is apartition of thexy-plane. LetM denote a bounded closed area.
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THE INTEGRAL SUMS

Let f(X, Y) be a function defined o. Let us denotd® = X, — X%, 4y,
and define the

lower integral sum

o=, 0m 3 3 b v Jay

maxay; -0

where f ( m ’ ymj ) (x,y)[x IQT]X[y, y, 1] f (X’ y)’ and

the upper integral sum

I, = lim ZZf(M,yM )AxAyJ

maxAx; -0
maxAy; -0 '

f\Xy » Yy sup f{x,y),
where (M' MJ) (Y X X XY, V) ( )

= yj+1 -

j ’



 The sums are taken for those valuesaridj for which the square
[Xi—l’ >§]X I_yj—l’ ij has a non-empty intersection with

* The symbol, iy, FQ+1:]x[yj v f(x,y) denotes thenfimum or thegreatest |ower

bound (GLB) of the function f (X, Y) over the rectangular are% . Yi | |_yj : yj+1J

 The symbol( ) Sup

f(xy)
’ notes th r m or thel
X y)X %y, via) denotes theupremum or theleast upper

bound (LUB) of the function f (X, Y) over the rectangular ar{é{'ﬂ, Yi ] X |_yj ) yj+1J



DOUBLE INTEGRAL

If both the integral sumis and I of f(X, Y) exist with I, = I, we say that the
function (X, Y) IS integrable oveM or with respect tév and put

1, =1, :”f(x,y)dxdy_

The expression{/l.[ f (X’ y) dXdyis called thedouble integral of f(X, Y) with respect
to M.



ADDITIVE PROPERTIES OF DOUBLE INTEGRAL

If C1,Cs,...Cy are constants anfi (X, y),..., f (X, y) are integrable functions

with respect to an areéd, thenc, f,(X,y) +...+c f_(X,¥) is an integrable
function with respect t¥ and

Hclfl(x, y)+...+c, f,(X y)dxdy=c, _[fl(x, y)dxdy+...+cn_” f., (X, y)dxdy
M M M

If M_,...,M  are pair-wise disjunct bounded closed planar areas
M =M, +---+M_ and f (X, y) a function integrable with respect to all

M., =1,...,n. Then f (X, Y) is integrable with respect i and

j j f (X, y)dxdy= j j f (X, y)dxdy+---+ j j f (x,y)dxdy



EXAMPLE

Prove that the double integral cBi(X, Y) =1-X=Ywith regard to an ared given by
the inequalitiesX2 0, Yy 2 0, X+ y <1lexists and calculate its value.

Zz=1-x-y
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The figure on the right shows the grid that we wdE to partitiomM. It is not difficult

0
to establish that the lub and glb I)\(X, Y) over the red area Fs_; and

1
_ﬁ respectively, similarly, for the blue, green, yalland brown areas we obtain the

1 2 2 3

following values of suprema and infima respectiv]aﬁlﬁ ,1_ﬁ ;1_5, 1_ﬁ;

3 . 4 4 . 5 _n(n+1)

1_3, 1_ﬁ andl_ﬁ, 1_ﬁ. Clearly, it taked T2+ TN = 5 squares to

1
coverM each square having an areaﬁf. This gives us the following expressions

1

used in the definitions of integral sums fbkX, ¥):

.L(n):nl{](l_ijw(l_§j+{1_§j+...+n(1_m
.U(n):nﬁ{{l-gjﬂ(l_i}{l_i}...m(l_nn—lﬂ



im 1,(n)=1, gng Iim | o()=1, , all we have to do now is calculate

Since, clearly,, .«
these limits.

0= 2 2o a2 da- 2ol

n+1 2n° +3n+1

2N 6n°
ly(n)=

= %{1+ 2+ -
n+l n’-1
2n  3n?

it n>+ A2

_1(124_22_'_ +n2)}: 12{(n+1)n_1n(2n2+3n+1)}=
n n 2 n 6
| 1 1 1
andson'[r!ol 5 5 g

(( )0)+

and again we havéIml ( ) 2 3 6-




NOTE 1

The sumS; =1 +2°+---+n°can be calculated as follows. Denote Bythe sum
_n(n+1)
1+2+---+n, Thus we haveSn ~ o . Letus now use the well-known formula

(n+1)° =3n” +3n +1t0 write
2° —1° = (3012 +(3)(1) +1
3 - 2° - (3)2 + (3)(2)+1

(n+1)P°-n®=3n2+3n+1
Adding up these equations yields
(n+1) - n®=3S?+3S, + n and, after some simplification, we finally

n(2n2 +3n+ 1)
6

2
getSn_



NOTE 2

As far as the sun®n(n-1) = @0)(2)+(2)3)+---+(n=1)n is concerned, note that, if we put
T (X)=1+x+ x>+ +X" we havel (1) = Sin). SinceTa(X) is a geometric
_1-x" _ | 1-x"

series, we can Writ-el:-n(x) ~ q-y forX #1 and T, (1) - X"H 1-x -
@) =i dx? 1- x"™

Now T (1)_ irﬂ dx?2 1-x - Differentiating twice, we obtain

dx 1-x™ _ n(n=1)x™ =2(n+1)n-1)x"n(n+1)x"* -2

d¢é 1-x (x—1)°

and, using the I' Hospital rule, we have

im ¢ 1=x™ _ L (n+2)n(n-2)x" - 2(n+2)n(n - 1)x" + (n+ D)n(n - 1)x™
Im =lm

x-10x* 1-X  x-1 3(x-1)?

2 _ 3
=tim(n+ it X 2= 0



Even such a relatively simple example as the onbave calculated shows that it is
very difficult to calculate a double integral usithg definition. For more complex

functions it becomes almost impossible.

Fortunately, most of the planar areas occurringnigineering problems over which a
double integral is to be calculated can be brol@mndinto some elementary figures.
For these figures, the double integral can be Gaied using a method based on
Fubini's theorem. Owing to the additive properbédouble integral, it suffices to add

up the double integrals over the elementary figures



THE ¢(X)-FIGURE

Let §1(x), 9,(X) be functions continuous fof < X< X, with ¢1(X) < $,(x). we will
define a planar figurg, which we will call ap(x)-figure, bounded on the left and right

by the straight lineX = X, X=X, and, above and below, by the curés ¢1(X),

y = ¢,(x).
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THE w(y)-FIGURE

Let L|J1(Y), LIJZ(Y) be functions continuous faf; = Y = Y, with L|J1(Y) < L|Jz(y). We
will define a planar figurés, which we will call ay(y)-figure, bounded above and

below by the straight line¥ = Y1, Y = Y>and, on the left and right, by the curves
X= L|J1(Y), X= '~|J2(y)-

Y
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X=yr1(y) X=yso(y)
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FUBINI'S THEOREM
Let F be ap(x)-figure andG ay(y)-figure. Let f(X, Y) be a function integrable with
respect td- and g(x Y) a function integrable with respect@® Then we can write

b,(x)
ﬂf(x y) dxdy = J{ J f(X,y)dy} dx

0.(x) (1)

P (y)
19(x,y) dxdy = J{ i alxy) dX} dy 2
Wy (y)

The expressions on the right-hand sides of (1)(Aphdre calledterated integrals and
sometimes we use the following notation

¢,(x)

I f(x y)dxdy= jdx | f(xy)dy N
F X 0,(x) ()

W,(y)

Y,
fa(x,y)dxdy=Tdy | g(x y)dx 2)
G i wi(y)



OTHER PROPERTIES OF DOUBLE INTEGRAL

Let f(X, Y) be a function integrable over a bounded closedMrand let
a< f(x y)<bfor (x, y)OM . It can be easily proved using the definitiort tha

aM| < [ f(x, y) dxdy < M|
M
Where“\/| \ denotes the area of M.

There exists a numb&such tha@ <c<b and

I{/{f(x, y) dxdy = M|



This picture demonstrates the last property
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