TRIPPLE INTEGRAL

yA f (x, Y, z)

X

For a bounded closed 3-D ai¢and a functionf (x, y, z)
continuous orV, we define the triple integral of f (x, y, )

with respect to/, in symbols
_mf(x, y, ) dxdy dz
\%

In much the same manner as the double integral.



:> A finite partitionP of the 3-D ared/ is defined with partition
subarea®,, P, ..., P,. By | P | we will denote the volume of
P, and by dP) the smallest diameter of its subareas

:> For each subarea We definem andM, as the glb and lub of
f(x,y,2) on P,

:> For a partitiorP, we define the lower and upper integral sums

IL(P)=>mRl, 1,(P)=> MR,

ROP ROP

:> If Iiml_=Iliml, we say thaf(x,y,2) is integrable ove¥

d(P)-0  d(P)-0

d(P)-0  d(P)-

andput  im1, =lim |% :jvﬁf(x, y, z) dxdy dz



PROPERTIES OF TRIPPLE INTEGRAL

The triple integral has additive properties simiathose of
double integral.

Also the mean value theorem can be easily rephifasedple
Integral:

Let f(x,y,z) be integrable ovaf with a< f(x,y,z)<b, then

j> aMs_[”f(x y,z) dxdydz< bV

j> there exists &, a<cs<b, such that

[[[ f(x y,2) dxdydz=cpv,




FUBINI'S THEOREM FOR TRIPPLE INTEGRAL
Z A




LetV be a 3-D area defined by the following inequalities
‘/ll(x’ y) SZs %(X, Y), ¢1(X) SYys ¢2(X), asxsb

and let f(x,y,z) be integrable with respecMo
Wy (x.y)
If j f(x,y,z)dz exists for everya< xs<b, ¢,(x)< y<¢,(x)
¢ (xy)
#,(x)  wa(xy)
and jdy jf(x, y,z) dz exists for every2<X<b then
¢1(X) l//l(X’Y)

b #,(x)  wa(xy)

m f(x,y,z) dxdydz = jdx jdy f(x,y,z)dz
Y a  4i(x)  wlxy)



TRANSFORMATION FOR TRIPLE INTEGRAL

Z W




T
. R3
R3

-:,,B,y.
a,f
X_,y:[u
_a( ,V,W

u .

Vv :

W) ’
, Y
,Z]

y = B(u
v, W)

z=y(u,v
W)



The Jacobian determinad(u,v,w) for the transformationl, 5,

a,(uv,w)  B'(uv,w) y, ' (u,v,w)
J(u,v,w)=la, (uv,w) B (uv,w) ' (u,v,w)

aw'(u,v,w) ,BW'(u,v,w) yW'(u,v,W)

c
c

<
<

If U, V are closed bounded 3-D are’éasﬂ,y(U )=V and

J(u,v,w)z0 in the interior ofJ, we say that Tapy

IS a regular transformation tfontoV.



CHANGE OF VARIABLES IN TRIPLE INTEGRAL

Let f(X,y,z) be integrable over a closed boundea &fand let

T, 5, be aregular transformation dfontoV. Then

JH X,y, ) dxdy dz m a(u,v,w), Blu, y,w), y{u,v,w)| 3 (u,v, )| dudvw



CYLINDRICAL CO-ORDINATES IN RS

2
[xy.Z]




TRANSFORMATION USING CYLINDRICAL CO-ORDINATES

T, s 08,2 =[xy.2]

X = 0CO<Q
Yy = pSing
Z2=72

cosp sing O

J(p,4,2)=|-psing pcosp 0=p
0 0 1




SPHERICAL CO-ORDINATES




TRANSFORMATION USING SPHERICAL CO-ORDINATES

Ta,ﬁ,y[¢1¢/1 /0] = [X’ Y, Z]

X = pCOSpSsiny
y = psingsiny
X= pcosy

cosg@ siny sing siny cosy
J(p,¢.0)=|- psingsing pcosgsiny 0 |=-p%siny
pCcospcosy psingcosy - psiny




WEIGHTED SPHERICAL CO-ORDINATES

Ta,ﬁ,y[¢1¢/1 /0] = [X’ Y, Z]

X:apcos¢sinl// a>0b>0c>0
y =bosing siny
X =Ccpcosy

Io,0.9)=

acosgsiny bsing siny
—apsingsiny bpcosgsiny
apcospcosy bpsingcosy

ccosy
0

—cosiny

= —abco’ siny
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EXAMPLE

Find the mass of an ellipsoid with half-avegls,c where the
specific mass at a point,y,z] is given asq|+|y|+|[2.

Solution

We will consider an ellipsoié given by the inequality

X 2 2 2
BROEGE
a b C
Clearly, the specific mass is symmetric with respecthe

planesxy, xz, andyz and so we may only calculate the
mass of an eighth of the ellipsoid, say, foy,z< 0.



If we use a transformatiohusing the weighted spherical co-
ordinates

X =apCcosgsiny
y =bpsing siny
X =CpCosly

we can think ok as the image of where the domain of
is a rectangular parallelepip&d [OJ_]X\.%JX\.%]

The mas#M then equals

L T
M :8abc_[ d,of d¢ f(pcos¢sin(//+psin¢sin¢+pcos¢)pzsinw dy

which can be written as



1
M =8abc| p°dp(CS, +SS, +CS)
0

where

% % %
C=[costdt, S=[sintdt, S,=]sin’tc
0 0 0

C=8&=1
By a simple calculation we can determine that

_a_ — 7
C=S=1 and SZ—A.

This yields
M =8abc (1 (7—7 2 +1D = abc(r7+2)
4\4 4



