LINE INTEGRAL IN A SCALARFIELD

MOTIVATION

A rescue team follows a path in a danger area wioemach
position the degree of radiation is defined. Coraphe total
amount of radiation gathered by the rescue teangalwe path.
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SCALAR FIELD

Let P be a planar contiguous area with a functi¢gy)
defined on it. We callf(x,y) a scalar field defined ovéM

Similarly, for a 3D are&, we define a scalar field as a
function f(x,y,z) with the domairV.

temperature, radiation, moisture, mass, ...

V
f (x, Y, z)
° [X Y] .[x, v, 2




Let a scalar field (x,y) be defined in a planar ara
Let L be a regular curve defined by the parametric egosti
x=g(t) y=¢t) t0/ab|
Define a partition off:
a=a; <aq <--<a,
put Lo =[#lao) (el L =[s(a) (@l ..L, =[¢(a,) ¢(a,)]

Choose points,,¢,,...,&, such that
Ay <51<a1<<zz"'<§zn < a,

Put N(a,,a,,...,a )=max L L, |

0<i<n

N(ao,a1 ..... an) IS called the norm of the partition.







We can define the following integral sum

L= LOLif (¢(51),€0(51))+ |—1sz(¢(52),¢(52))+°“+ Lol f (¢(£n)’w(gn))

If, forN(ao,ai,...,an) - 0, we havel - £, for some finiteg,,

we say thatl, is theline (or curvilinear) integral of the scalar field

f (x,y) overL (line integral of the first type).

Formally, we write

Bozjf(x,y)ds

L




L :j f (x, y) ds is independent of the way the partition of

L
[a,b] is constructed and the numbé&iss,. ..., €, chosen.

If f(X,y) Is continuous on a regular curigiven by the
parametric equations=¢(t) y=¢(t), tD{a,b} then the following

formula can be used

[ 1(xy)ds= [ £ (¢0).ONZ Qo7 () o

L

or

[ 1(cy)ds= [ £ (x oV o7 ()

a

If L is given by the explicit equationg (X).



For a 3D-ared/, a scalar field (x,y,z), and a 3D-curvé the
line integral is defined in much the same wayf (k,y,2) is

continuous or given byx=g(t) y=¢t) z=rt) tD{a,b}

we can use the formula

b

[ 1(.,2)ds= | £ ()00 NS Q97 () 72 ()

L a

If we recall the way the length of a curve is definwe see

thatds actually denotes the differential of the length_of




EXAMPLE

ds
Calculate I 2 where C is the first turn of the helix
C

X +y2+22

X=acos, y=asint, z=bt, t D[O, n]

In the plot below, we hava=2 andb=0.3

1
x2+y2+22

{

X,Y,Z]
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EXAMPLE

Find the centre of mass of the first half-archhaf t
cycloid

x=a(t—sint), y=a(l-cost), 0<st<7

If its specific mass is constant.




The centre of mass of a curve is defined in phyasscthe point
T=[t,t,] that has the following property: if the entire ssaf the
curve was concentratedBtits torque with respect to axesy
would be equal to the torque with respect to axgf all the

points added up. This means that




[ds= ]T\/(a— acost)’ +a?sin’t dt = ﬁaﬁ/l— cost dt =
0

C 0

0

— ﬁa_[ 2\/1_2(:051 dt = Zﬁajsin% dt = —4«/2_a[cos§} = 4./2a
0 0

J'xds:azx/ijf\/l—cost (t-sint)dt =a%v2(1,-1,)

where | —jt\/l cog dt and | —jsmt\/1 cos dt

jyds azx/_j\/l cost (1- Cost)dt— 221, -1,)

where |, = j\/l—cost dt andl, :jcost\/l—cost dt
0 0



7T /
|, J'\/l costdt—2_[5|n2dt—4fsmudu 4

o

N

J'\/l cost dt—[ 4tcost§} +4jcos§dt—0+8 8

0

o

T Tt t
= |sintyl—-cos dt =2|sintsin—dt =<—=u; =
fsinty fsintging dt={ 5 =u|

7 /z 8
-4_[S|n2usmudu 8J'S|n ucosu dt ={sinu = v} 8.“ dt_§

O'—-o:I

cost+v/1-cost dt—ZJ'costsm dt—{l—u}:
2 2



7 7

= 4jcosZusinu du = 4jco§ usinu-—cos u dt =
0 0

7

= 4_[0052 uSinu — cosu + cosusin®u dt =
0
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LINE INTEGRAL INAVECTORFIELD

MOTIVATION

A ship sails from an island to another one alofigexd route.
Knowing all the sea currents, how much fuel willrmeded ?




VECTOR FIELD
Let P be a planar contiguous area with a vector function
f(x,y)=f,(x y)i+f(xy)] defined for eachx, y|OP.
We say thatf (x,y) is a vector field &h Similarly,
f(x,y,2)=f,(xy,2)i+f,(xy,2)j+ f.,(x v, z)k is a vector field
iIn a 3D ared/.

water flow, electromagnetic field, ...

f(xy) f(xy.2)
/ \ [x. Y] / "{ Y,z




Let a vector fieIdT(x, y) be defined on a planar dvka

Let L be an oriented regular curve defined by the panatnet
equationsx:¢(t) y=¢(t), tD{a,b}
Define a partition off:

a:ao <ai<...<an

Put L, =[s(a,)¢(a)l L =[¢(a)w(a))....L, =[¢(a,)w(a,)

Choose points::$2:---:$n such that
A <Y, <a <WY,--<Y,<a,

Put N(ao,ai,...,an):ma>{LiLi_1}

0<i<n

N(ao,ai,...,an) IS called the norm of the partition.







Define the following integral sum
=Y L LT(p()ul)

If, for N(a,,a,,...,a ) - 0, we have£ - £, for some finiteg£,,
we say thatl; is theline (or curvilinear) integral of the vector
field f(x,y) overL (line integral of the second type).

Symbolically, we write

£,=| f(xy)ds
or =

£, = [ f,(x, y) dx+ f,(x, y)dy




£,= [ f{xy)ds= [ f,(x y)dx+ f,(x y)dy

L L

IS iIndependent of the way we construct the pantiib[a,b] and
choose the numbeig,é,,..., ¢,

To calculate the line integral we can use the féamu

[ 1(cy)ds=e] 1,000 0+ L0.LOw O

whereg is 1 if the curve Is oriented in correspondencé wit
Its parametric equations otherwise it is equallio —



For a 3D-ared/, a vector field f(x,y,z) and a 3D-curte
the line integral is defined in much the same wét e

following formula for calculating a 3D line intedra

b
[T(xy.2)ds= e[ (0.0, T0+ (0, W+ (@0, 7)) o
L a dS
Line integral of the second type clearly dependthenwvay the

curve is oriented andls  actually denotes the difféaenf

the tangent vector field along



EXAMPLE

Calculatej (y-2)dx+(z—x)dy+(x-y)dz

L
whereL is the first turn of the helix oriented in corregpence
with the parametric equations

X=acos, y=asint, z=bt, t D[O, n]

a=2 andb=0.3




I(y Z)dX+(Z x) dy+(X—y)dZ:

= [ (asint ~bt) (- asint)+ (bt ~ acost) acost +(acost ~asint) b dt =
L

27T

—a’sin’t + abtsint + abt cost —a° cos't + abcost —absint dt =

O'—;

= ab{ j tsint dt + j tcost dt - Tcost dt - 2jﬂsint dt} - Zfaz dt =
0 0 0 0 0

{jtsmtdﬁjtcoa dt} 2R’ =

{ [tcost]” + _[cost dt +[tsint]” - jsint dt} -2m° = -2m(a+bh)
0 0



EXAMPLE

Calculate§ ydx + zdy + xdz where C is a circle given by
C

the parametric equations
X = Rcosa codt, y = Rcosa sint, z=Rsina, a = const
oriented in correspondence v_v%th them.

—




§> ydx + zdy + xdz =
C
21T
= [ ReosasintRcosa(-sint) + RsinaRcosa cost + Rcosa costO dt =
0

27T
= R? j—cof asin’t +sina cosa cost dt =
0

217 277
= -R?co¥ ajsinzt dt + stinacosajcost dt =
0 0

27T _
= -R?cos a_[l 02052t dt = —7TR*cos a

0




EXAMPLE

Determine the work done by the elasticity forcthé vector
of this force at each point is directed towardsadhgin its

module being proportionate to the distance fromotingin of
the point and if the application point of the fermoves

anticlockwise along the quarter of the ellipsé N A —1
that lies in the first quadrant. a®~ b’

A




W =[x y)ab £, (x y)dy where f,(x,y)= o, ,(x y)=~ky

L

andL is given by the parametric equations

X=acost, y=bsint, t ] {O, %J

7
W = [ -kacost(~asint)-kbsintbcost dt =

0
7
= k(a? —bz)jsintcoa dt ={sint =u} =
0

- ko - bz){u_z}: _Ka*-p)

2 2

tends to zero as
the ellipse tends
to circle




