Linear homogeneous ODE_ with constant coefficients

B 1 ayea Y+ Y b raytay =0

where 8,,8,,...,a,UR,a # 0

Let yl(x) , yz(x) A (X) , K< N be solutions to (H), we say that they
areindependenif clyl(x) + CZyZ(X) +...+C Y, (X) =0 implies

C,=C,=---=C, =0



Let Y, ( X) , Yo ( X) yeoos Y ( X) ben solutions to (H), the function

W[yl’yzr“’yn](x):

is called a Wronskian.

It has some interesting and useful properties




Let Y; ( X) Y ( X) A (X) ben solutions to (H) on an intervadp].

Then they are independent exactly when there Xanl [a, b] such that

W[5, Voo s Ya] (%) 2 O




Linear non-homogeneous ODE_, with constant coefficients

N | ayWia Yt V"4 raytay=f(x)

where @,,8,,...,a,UR,a # 0

associated homogeneous equation

| ay”+a,y"+a Ly 4 raytay =0

If y (X) is a solution to (H) and (X) is a solution to (N) then(X) +u (X) is a

solution to (N)



General solution to (H)

n-2)

(H) any(n) + ah_ly(n_l) + an_zy( +...+ alyl+ aOy — O

assume | Y(X) =€™ | substituting into (H) yields

an/]ne)lx_l_an /]n—le/lx_l_an 2/]n 2 /]x '°'+a1Ae/lX+aoe/lX:O

& aA"+a A"'+a A"°+...+al+a,=0

If all thenroots /]1,A2,. . ,An of the above equation are real and simple, we

obtain the following general solution

/]2x

X A, X
y=ce™ +c g +.--+ce



If Ais aroot of (E) of multiplicityk, then it can be proved that there laiadependent

solutions

e xe™ xe-.. x"e

to the equation

a,y"” +a,,y" +a Y+ +ay'+ay=0



fla+ib isa complex root of equation (Een, since the coefficients are real,

there must be also a ro@ —1b and eHevfing two independent functions

e™ coshx, e sinbx

are solutions to (H). A +1D is a rodtnoultiplicity k, then again we have the

following 2k independent solutions of (H):

e® coshx xe™ cobx x°e™ cosx ... X" ctx

n—-1.ax
e

e® sinbx ,xe™ sinbx x°e®™ sirbx ... X Sitox |,



To find a particular solution to

N ay+a v ra Y+ raytay = f(x)
we can use theariation-of-constants method. Let

Yy=GY, TGy, *t---+CY,

be a general solution to

t  ay”+a Y +a Y+ raytay=0

suppose that the constanis... ,c, become functions and let us substitute

(=6 (R0 (9 2 (3) +-+,3, () mo



yI:C'1y1+"'+CIn Yh +Cly'1+“'+cnyln
ifwe putCc’, y, +---+C' y =0 wehavey'=Cy",+---+CY',

y" = CI1 y'1+"' +C'n y'n+C1y"1+"' +Cny"n

if we putc’, y',+---+C' y' =0wehavey"=Cy"+---+C YY",

YW =e ym e Y gyl gy
if we put C'1 y§n_2) +...+ C'n yfln—z) =0 we have

y(n_l) - CMH) +---+C, y,(f']) and finally

YW=y ym ey eyl +e ey



yl(“) +...+ Cﬂ%}”) + C'l yl(”‘l) +...+ Cln y(n‘l)) +

n

Y et quﬁn'l)) ¥

Ly'1+---+cny'n)+

y1+...+Cnyn) = f (X)




1
n

Thus, to find the function€’; (X),C',(X) ... ,C

following system oh algebraic equations

(X) , we have to solve the

Cly1+...+C'n A =0

Cllyl1+”'+Cln yln:O (S)

1 n-1 1 n-1) __
ey e, W = (x)
This system has a solution since the determinathteo$ystem is the Wronskian
W[ Vi Yo, -. ,yn] (Xo) which is non-zero due to the fact th, Y,,..., Y,

are independent.



If ul(x) : UZ(X) yoows U (X) are the functsosolving the system (S), we get

= jun (x) dx and a general solution to (H)

ju )dx 0, (x juz(x)dxtyz(x)+---+jun(x)de$/n(x)




Example

y"+2y"+y'=X

y"+2y"+y'=0 A°+A°+1=0, A4 =04,,=-1
Y=Ly, =€y, =xe*  Y=GFCE T HCxe +uU
whereu is a particular solution to the original non-nomogeus solution
y"+2y"ty'=X

Let U=0¢,(X)+C,(x)e™ +cy(x)xe™



We have to solve the following system of algebegjoations

c, + cL,e’ + c'yjxe’
-c', e + c4(1-x)e”
c,e* + c'y(x-2)e”

If we denote bA the system matrix

(1 xe X )

0 - (1-x)e”
0 &* (x-2)e™

J

then, clearly, (Cll,C'Z,C '3)T = A_l(O, O,X)T



CalculatingAl, we get

/C.l\ /e—zx g g X \ (0)
c, =] 0 (x-2)e* (x-Je*| 0
. C',) 0 —€ e \x)

so that C'1:X,C'2:eX(XZ—X),C'SZ—XeX and

C, :jxdx,c:2 :jex(x2 —x)dx,cS:j—xede

Calculating the integrals, we can now write a gahsolution of the original non-

homogeneous differential equatioy” + 2y "+ Yy '= X

2
_ . X
y=¢ +C,e” +Cc.xe X+?_2X+3



Note that we could also find a particular solutioto the original non-homogeneous

equation by assuming it in the form

u = ax’ +bx

Assuming justu = ax+b  would not dioce 0 is a solution to the equation
A+ A°+A=0

Substitutingu, u’, u”, and U™’ into the non-homogeneous equation yields
0+ 2[Pa+ Zax+b=x

which means that a =— andb =—- 7 and we have

X2

u=—-2X
2

which is another particular solution toym'l' 2y + Yy =X



This method can be generalized for some speciabtgpthe right-hand sides

If
any(n) + an—ly(n_l) + an—zy(n_Z) teetay+ Aoy = a (X)
whereP,(X) is a polynomial of degree
we can assume a solution of the folyn= Q, (X)

whereQ,(X) is a polynomial of degrde
or

y=X""Q,(X) if0isa root of (E) of multiplicitym



If

a,y" +a, Y™ +-+ayy =e™ (R (X cof Bx) +Q )sir(Bx))

whereP,(X) is a polynomial of degrde Q,(x) is a polynomial of degree

we can assume a solution of the fogf* ( R (X) COS(,BX) +S X) sir(le))

whereR_(x) andS, (x) are polynomials of degramwith M= max{ Kk ,|}

or

™ (X'R, (x)cos Bx) + XS, ) sir( Bx))

if @ +1[ is aroot of (E) of multiplicitym



