We will be looking for a solution(y; (x), Y, ()., Y, (X))’
to the system of linear differential equations with consta

coefficients In a cannonical form

Yi =a Yy, tapy,t-tayy, t+ fl(x)

ylz =ay,Yy,;tayy,t-ta,y, + f Z(X)

Yo = 8nYitany,+e+any, + (%)
Satisfying the initial condition

SACARACA RN ,yn(xo))T =(b,b,... b))



As the first step, we will find a general solutitmnthe associated
homogeneous system

yi =a,y,;tay,t---ta,y,

Y, = 21y1+a22y2+"'+a21yn

y; =a,yta,py,t--ta,y,

It can be proved that such a systemmaslependent vector
solutions, which can be displayed as columns imth#ix

(Y Y2 - Yn )
y21 y22 ym

\ynl Yo .- ynn)



(Y Yo - Y )
y21 y22 y?n

\ynl Yo .- ynn/

IS called the fundamental solution matrix to thstegn

Y1 = a11Y1+a12Y2+"'+anYn
Y, =Y, Tayy,t--ta,y,

Yo = 8uYy T a,Y,t e tayy,



Denoting A=

\anl

a12 a‘:h A
Ay, d,,
o -

The system Yy, =a,y,ta,y,+--+a,y,

y, =a, Yy, ta,y,t---+a,y,

ylln =auYtaLy,t-ta,Y,

can be written as

(yi’ylzw-,yr})T = A(Y1, Y-

Y>)




The derivative of the fundamental solution matrix

(Vio Yo - Ya

Yor Yoo oo Ya

\y;u yrlwz yllnn/

satisfies the matrix equation



Let us examine the matrix function

2 3

e = E+§A+X_A2 +X_A3+...
1! 2! 3!
We have
XA 2
g _ A+ XA+ 2 A3 = A
dx 1! 2!

so thate® satisfies the matrix differentialiation Y = AY



The matrix €” is a fundamental solution matdxhe system

Y1 = a11Y1+a12Y2+"'+ Ay Y,
Y, =Y, Tayy,t--ta,y,

Yo = 8uYy T a,Y,t e tayy,

It can be proved that any solution to the abovéesysan be

written as

4 V. \
1

Y,

\ Y/

(¢,

C,

\ Ch

where
C,,Cy,...,C,

are constants



The general solution to the system

Yi =a Yy, tapy,t-tayy, + fl(x)

ylz =ay,Yy,tayy,t-ta,y, + f Z(X)

Yo = auY, ta,yY, e tayy, + f(X)

can be written as
4 yl\
Y,

\ Y/

where (?172 VH)T is any solution t@

/01\

C,

/yl\
Y>

\ Ch )

\ Y/



We need to find a particular solution to the system

yi =a Yy, tapy,t-tayy, t+ fl(x)

ylz =,y tayy,t-ta,y, + f Z(X)

y;m =a,y,ta,y,t--t+ta,y, fn(X)

To this end we will again use the variation-of-danss method




Let Y be a fundamental matrix solution to the system

Y1 = a11Y1+a12Y2+"'+anYn
Y, =Y, Tayy,t--ta,y,

Yo = 8uYy T a,Y,t - tany,

C, (X . . .
and 2() a vector of differentiable functions




Substituting

Into

Yi =ay,;tapy,t-tayy, + fl(x)

ylz =a, Yy, tayy,t-ta,y, + f Z(X)

y:n =ayy,tay,t-t+tay, t 1tn(X)



yields v'| =) |1y | 0] 2 py| &) | 0

but, sinceY is a solution to the associated homogeneous system,

we have Y = AY and thus

N gx)




This leaves us with the system

(a(x)) ([ f(x)
v cz(x) _ fz;(X)

G09) 60,

This is basically a system of linear algebraic ¢éigna with

> (%)




(h(x)) (a(x)) [ f.(x)°
If hzgx) is a solution toy CIZ(X) = fz.(x)
h(3), &09) (100,

_ ( 3\
m /. hy (x) dx

Z _y :hz(x)dx

(Yo h (x)dx

IS the particular solution we are looking for



If, iIn addition, the solution has to satisfy a gkenitial conditions

(Yf, Y. Y,?) at a pointx,, we have to find the coefficients

C., C,, -..,C, In the general solution

()
/yl\ /Cl\ yl

Y, wa| G2 Y,

\Yn/ \Cn / \Yn




This can be done by solving the system of linegelaaic

equations




