An (infinite) sequence of real numbers
a,a,,8,,...,8 ...

may be viewed as a mapping of natural numbersre@gbnumbers
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sometimes denoted{ an} - or just {a'n}



[0}

For a given sequence={a.} _, , we sayaimost all of its
terms have a propergyif an indexN exists such thad, has the
propertyP whenevemn >N.

For example allmost all of the terms of the segaenc
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are less than 0.000 000 000 000 000 000 000 0000DMO1



Constant sequence



Arithmetic sequence




Geometric sequence
. 8.y = G2,
a =4a
a,,=0'a
afifth afifth afifth a fifth
f—% r A N\ A N f—%
G D A E B
” _ 1
1 g
‘§J ]
= f =440 f=66C f =99C
=293 3
f :19559

the quotient in afifthisq=3:2




In 1202 the mathematicidneonar do of Pisa, also called-ibonacci,
published an influential treatisilber abaci. It contained the following
recreational problem: "How many pairs of rabbits ba produced from
a single pair in one year if it is assumed thareweonth each pair
begets a new pair which from the second month bes@roductive?"

March | April
July



The preceding example has shown that a sequencalstalpe
defined using recurrence formulas, that is, defrihre first few
terms of the sequence and then giving a formulasssing the
n-th sequence term through some of the preceedintsid he
Fibonacci “rabit-pair” sequence might be definedaisws:

a=la=1
an+1:a'n+an—1

1,1,2,3,5,8,13,21,34,55,89,144,233,3 10,087,159/,

Explicit for mulas may also be found
equivalent to the recursive definition







a<a,<a,<-- (strictly) increasing sequence

Q=sqsa3s- non-decreasing sequence

q >a, >8> (strictly) decreasing sequence

a=a,za, = non-increasing sequence



a,a,3;5... &,..sa gequence bounded above waths an
upper bound

a,8,,a;,... &,..2b sequence bounded below wiilas a
lower bound

a,a,,8;,... b<a <a bounded sequence



Subsequence
Let{a,}  =a,a,a,.. beasequenceandgti,,... be an

Increasing sequence of natural numbers (indices). Thenwee ha

s.equenc%ain}(:=1 =a,3 ,a ... , which Is called a subsequence
of {an} ::1 . Sometime%ayn}:;1

by discarding some of its terms while still leaving an tdin

is said to be selected figm_

number of them.
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. =2,i,=3j,=6j,=9,..




A sequencé a,} :;1 IS bounded iff the sequé@g]erzk IS bounded

for an arbitrary positive integér
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b:mln{al,az,...,ak_l} b<a <a j=kk+1...
* a=max{a a,,.. &_y

min{E,b} <a < ma><{5 a} i=12..




Thelimit of a sequence

We say that a sequené@n} :;1 has a Airfdrmally

ima, = A

n—-oo

If, for everye >0 , there exiskésuch that
A-a,[<e

for everyn > N



Examples

r,r,r,...

strictly speaking, no limit exists, but in
this case, sometimesis taken to be one






Rules for calculating limits of sequences:

@ |im(a, th)=lima, tlimb,

@ !m(a m,)=lima, dimb,

n-oo n—-oo

@® lim(a,/b,)=lima,/limhb,if lim b, 20

provided that both limits on the right-hand sides exist



Iimi:O If ima, =
n—>OOan n- o
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"squeezing rule"



If a sequencéa,} is bounded above and non-decreasingait has
limit

If a sequencga,} is bounded below and non-increasing, it has a
limit




Let {a,} . be asequence and let
ima, = A

n- o

be an arbitrary subsequenc{aéq} :21

(0]

Let {a}

n=1

O {ain}oo has a limit and

n=1

® Iiman:A

n—- oo

 then




Point of condensation

Let {ah} ::1 be a sequence. We say #hata point of condensation
of {ah}::l if, for everye >0 , we haja—a,|<&  for an infinjte

number of indices
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Let {a,} _, be asequence. We say dtiata point of condensation

of {a} _ Iif, foreverye>0 , and for every indéxhere exists

an indexn > N such thaja-a,| <&




Example
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It iIs easy to see that the points of condensation of ttnveab
sequence are the numbers

1,0,



@ Every bounded sequence has at least one point of
condensation.

@ From every bounded sequence, we can select a
subsequence that is convergent.

@ The set of all the points of condensation of a
sequence has the least and the greatest element.



The greatest point of condensation of a sequenie} is

called an upper limit of{a,}

. (oralimes superior).

u=limsupa,

n— oo

The lowest point of condensation of a sequereg} is

called a lower limit of {a,} -

. (or alimes inferior).

| =liminf a

n - oo




Example

(1+(-2)")(n+1

an - N
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it (1+ (—1);)(n +1)

lim :~:OOU|G(1+ (—1);)(n ' 1)

=0
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