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the following theorem due to O. Stolz may be usealdwantage

Let limy, =0 and let some indel exist such that

n— oo

Y... > Y., wWhenever n>N. Then

lim 22 = fim 22— %

- yn n-e yn_yn—l

provided that the right-hand-side limit exists inor infinite)




Proof

Assume at first that the limit in question is fanit
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In other words, for ang > N, we have
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Since, starting from an index, we ha¥e - Y., we may assume
that all the denominators of the fractions aratp@sand so
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Adding up all these inequalities yields
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We will now show that there is an indéx
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for n>N we have —|| < . To this end, let us calculate
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The last inequality on the previous slide followsnr the fact that,
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It is now clear that, if we pull’ = max{ N N N } , we have
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< £ for n> N. This proves the theorem for the event that
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certain index. Then we can apply the already prdveid version
of the theorem to the reversed fraction obtaining
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Using Stoltz's theorem, we have
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Example
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Using Stoltz's theorem, we have
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The previous example can be used to calculatedheite integral
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Partitioning the interval [Q] into n equal subintervals we can set

up the upper integral surg (t",O,x,n)
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Using Stoltz's theorem we can now write
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