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To any sequence {a,} _ we can assign asequence {s.} _, with terms
defined as

STata,t--ta,
and an expression

a +a,+-+a,+ asodenoted Z:;an;amZ%

which is called an (infinite) (number) series with terms a,

The sequence {s} _ iscalled the sequence of partial sums of

D4,
n=1






We say that aseries ) a, converges and hasafinite sum s, which is

denoted a +a,+---+a,+---=s or » a =s if s=lims

n—- o

|f Z a does not converge, we say that it diverges or Is divergent
and either lims, = oo or the limit does not exist, in which case we

say that ) a, oscillates.



Example

The series i
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n(n+1) :1D?+2[3 n{n+1)

converges and addsup to 1
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Example

The series i(—l)n+1 =1+ (—1) + (—1) +...=1-1+1—---
n=1

oscillates sincewe have s, ., =1ands,, =0



Necessary condition of convergence

If aseries Y a, converges, then lima, =0

n—- o




Example

SLLLL WL .
The series 171 2 3 . " IS called har monic.
It diverges even if, clearly, leﬁ—o
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=4+ 4+ 4.+ =

1 2 3

1 1 1 1 1

— p— + +...+—>N—=— *

S0 n+l n+2 2n  2n 2 *)

Suppose {s,}._ converges, thensodoes {s,.} and thus

lims,, —s, =0, which isnot possible due to (*)



Geometric series

A geometncsenes Zaqn :a+aq+aq2+...+aqn +...
n=0

where a# 0 convergesif |q <1 otherwiseit diverges.

n

S :a+aq+aq2+...+aq
gs, =ga+agq” +aq’ +--+aq"™
s,—0s,=a-ag™  lims, =— for |q <1

a
n— oo 1_
1-g™ / )

=—> lims, = or — forq>1

S =a

1- \naoo
lims, does not exist for q<-1

n- oo



For apositive integer p, both series Zan and Zan
n=1 n=p
either converge or diverge at the sametime. If they converge,

then

(0]

Z:;an=ai+az+~-+ap-1+2an

n=p



For anon-zeroreal k, both series » a, and ) ka, either
n=1 n=1

converge or diverge at the same time. If they converge, then



A convergent series has the property that its neighbouring terms
can be associated without changing the sum of the series, which is

what the following theorem says:

Let Zan =s. Let further {tn} :_1 be an increasing sequence of
=1 -
natural numbersand t,=-1.Let b, =a ,,+a ,,*t-+a
then > b, =s
n=1
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b, b, b,
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Note that a divergent series may become convergent after its

terms are associated as the following example shows

1-1+1-1+1---- diverges
(1-1)+(1-1)+(1-1) +--- converges



Sum and difference of series

For two series Y a, and ) b, we define their sum or

difference as the sum or difference of their corresponding
terms, that is,

Ya,+y b =>(a+h)
2.8, =2 b =2 (a-h)

&)@ @ (2
W)||&

(by)




Let > a, and > b, be convergent seriesand let

Y a,=aand ) b, =b, then



Series with positive (non-negative) terms

For a series with positive (non-negative) terms the following
assertions are obvious:

The sequence of partial sums of a series with positive (non-
negative) terms is increasing (non-decreasing)

‘ If the sequence of partial sums of a series with positive

(non-negative) terms has an upper bound, the series
converges

‘ A series with positive (non-negative) terms cannot oscillate



Example

. - 1
The series ZF convergesfor a>1,
n=1

1 1 1 . . .
The sequence of partial sums S, =1—a +§ +.- +F IS InCreasing.
We will show that it is bounded above. Let n be an arbitrary index
and k such a natural number that n<2“. Then




( 1 1 1 1
+ + —+— 4+
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2t 1 1 1
-t a:1+ a—1+ a-1 + a1:
CRRCEN
k
2 1 k—l_l_(zg-_lj 1 ~ 2a—1
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2 2



The previous formulashold if 0< % <1, which means that

2°1>1 However, thelast inequality holdsif a-1>0ora>1

which is the assumption of the assertion.



