Alternating series

We refer to a series as an alternating series if its tesigss
alternate, that is, the sequence looks like this

>.(-1)'a,=a-a,+a,—

n=1

where evena, IS positive.

A




The convergence of an alternating series is govemed b
theorem proved by Leibnitz

0

If {a.}_, isa decreasing sequence of positive numk

which converges to zero, then the alternating series

>.(-1)'a,=a-a,+a,—

n=1

converges and its sussatisfies the inequalities

a,-a,<s<a

ers




Examples

The series 1-14._1__14....

converges
2 3 4

In fact, we even can calculate the sum of this series, wilci2

So does the seriei (_n]":‘) wheerel
=1



Absolutely convergent series

Let Zan be a series. We say '[El’ﬁn abs®lutely
=1 =1
convergenor that itabsolutely convergatthe seriesZ\ah\

n=1

converges



Relatively convergent series

Let > a, be aseries. We say thag, reliively convergent
=1 =1

or that itrelatively converge# it converges, but the serig\ah\

n=1

diverges



Examples

. 1 1 1 . . .
The series 1—§+§——4+--- converges relatively since it

converges due to the Leibnitzeorem, but the series

21 1 1 1
Z_:1+—+—+—+---
— N 2 3 4

which is known as the harmonic series, diverges (as can be

established, for example, by the integral criterion).



Let ;aﬂ be a relatively convergent series. Put

| Ofora, <0 _| Ofora, >0
Ph = a fora, =0 o —-a_ fora <0

Then LIETJOZ p, = andim ) q, =

imp, =0 and limg,=0

n—»oo n—»OO




Proof

(0]

Y a, converges and sim a_ =0 and thus &fada [ =0
n=1 -

Nn—- oo

Since0< p,<|a,| anf<gq,<la| ., this proves that
img, =0 and limqg, =0

n—- oo n— oo

If > p,and) q, bothwere convergent, then also their sum

Z( P, T Cln) = Z\an\ would be convergent.

lim > p, = pand Iimiqn =00 = Iimian = Iim(i o —iqnj = —00
- N=%=1 N=%=1 =%\ n=1 n=1

(0]

lim i p, =% and Iimiqn —a= Iimian = Iim(z o —anj = o
N==1 M= N=°=1 -

n=1 n=1



Rearranging the terms of a series

Let us have two serie3 @,  anM &
n=1

n=1

We say thaty a  has been formed frona, by a term
n=1 n=1
rearrangement or is a rearrang@an If in the sequence
n=1

n,n,,n,,...

each natural number occurs exactly once



Example

a +a,+a,ta,+a.+a,+ta,+tatafaFara a e

\4

a,+a,+a,+a,+a,ta,+a+ta +ta,FfataFa ra Fo



Let Zan absolutely converge. Then no rearrangement of its

n=1

terms can change its sum.




The following remarkable theorem is due to Riemann:




Example instead of proof

111111111111+11+1
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