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Function sequence

{ £, ()} = (%), £.(x). f5(X) ...

wherex 1D [ R

Function series

D (X) = (%) + F,(X)+ fo(X)+... wherexD O R

s, (x) =D f.(x)= f(x)+ f,(x)+ f5(x)+...+ f, (%)



Point-wise convergence

ouadtion seriesi f. ()

n=1

or number series

If for a function sequencgf, (x)}

n=1

ateacladD the number sequepf;da)}

00

o0
n=1

Y. f.(a) convergests (a) afa) ,then we saytiey converge

n=1
point-wise inD.
Thus point-wise convergence defines new functidng and s(X)

We write

jim £, (x) = f (x) 2 fa (%) =s(x)

n - oo







Example

() =x+x 4 4 .
3 (%)
s(x):i s (x)




Example
(0 ={e) -
13-
=15 st
il
: AN :
e fs{x) i(x) |



Note that, in the last example, although the secgifuinctions
are all continuous, the limit function is not.

Thus point-wise convergence may define non-contisuo
using continuous ones.

We shall examine such sequences of continuousifunsct
that only produce continuous results.



Uniform convergence




A function sequenc¢ f, (x)} "

convergafoumly to a

function f (X) ond,b] if, for everyeg, there exists an indeX

such that, for every[a,b]

and for every N , we have

f(x)—e<f(x)<f(x)+eor|f(x)-f (x)<e




A function seriesz f., (x) converges ormfly to a

n=1

function s(x) ond,b] if, the sequences, (x) = Zn: f ()
k=1

of its partial sums converges uniformlygfx) on [a,b].




Comparison of point-wise and uniform convergence

In a point-wise convergence, the choice of thexrdelepends
both on the point chosen 1a,p] and thes >0 and so we can wri|

N=N (5, x) This might, for example result in the following:

There might exist a sequence of poiktss,, X;,... D[a,b]

such that the sequence of indicts &, % ),N(€,%,) ,N(&,X,) ,...

IS unbounded.

With a uniform convergence, this cannot occur sfioceache >0

there exists a uniformN regardless of the choice cxﬁ][a, b]




Cauchy's test of uniform convergence

00

Let a function sequenéd, (x)} conveoge functionf (X).

n=1

It converges uniformly tdf (x) if and only if

Oe>0:IN :Om,n>NO0OxO[a,b] ;| f, (x) - f,(x)| <&




] e 1forx=20
Example [ (x)) ={e } f(x):{o oth:rWiS<

1 3o

IE-

The above sequence does
not converge uniformly.
To prove this we will
apply Cauchy's test and

0j21

show that 2 A o 1

(>0:0N :[m,n>N O O[ab] (™ ~e™|2 ¢




1 . . . .
Let & ZE anan be an arbitrary index. Certainly, by lettirg

sufficiently close to zero so that, say X, , we will have
gmo >
4

On the other hand, it is clear that if we chosemdexn > m

sufficiently large we can "push this value down'tisat

e <X
4
Then of course we have
‘e‘mxg e > 1
2







00

Let a sequencé f, ()} of functions cardiis on 4,b]

n=1

converge to a functioh(x). Let{ f,(x)} _ converge

n=1

uniformly. Then f (X) Is continuous.



00

Let a sequencé f, ()} of functions irdbte on f,b]

n=1

converge to a function(). Let{ f,(x)} _ converge

uniformly. Then f (x) Is integrable and

b

b
| £(x)dx=lim [ f,(x) dx



If all the functions of a sequence or a serieddferentiable on
[a,b], it does not necessarily mean that so is theiit lor sum as

the example below shows:

The seriesg—icosx—i cos&——4 COSH— 4;72 COXF--

s o 257

has terms differentiable qr77,77)  and conesngniformly

to the functiory = [x|, which is not differentiable at= 0.
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For the conservation of differentiation, only weaker team can
be proved:

Let{ f (X)}“ be a function sequence witerg f (x) having a
n n=1 n

continuous derivative ira[b]. Let { f (x)}m converge at at least

n=1

one pointx_ [|a,b| and let the seque C f”(x) converge
% dx
n=1

uniformly in [a,b]. Then{ f,(x)} _ converges uniformly &,

n=1
the limit f (x) of this sequence is diffeiabte in f,b] and

d f (x) - d f,(x)
ax n-e  dx




Let i f.(x) be a function series with everx) having a
=1

continuous derivative ira[b]. Let ) f (X) converge at at least

n=1
one pointx,0[a,b] and let the sequeicccel f(; (x)
n=1 X

converge

uniformly in [a,b]. Then ) f (x) converges uniformly &f],

n=1

f(x)= Z; f.(x) is differentiable in4,b] and

df(x) &df,(x)

dx ‘Z dx

n=1




Uniform convergence test for series (Welerstrass)

Let ) f.(x) be a series of functions definedaginl [
=1

it |f,(x)|<a, for everyand the number serieian

n=1

converges, ther) f.(X)  uniformly converges.
n=1



Example

The Welerstrass test can be used to prove the uniform
convergence of the series from the previous example:

T 4 4 4 4
— ———COSX——— COSX———— CO0SH— COXF:--- <
2 T orr’ 257 497°
o 4(1 1 1
<———| —+—+ +...
2 772(9 25 49 j
1

Now the series in brackets Is selected from the s@er?
n=1

whose convergence can be proved using, for example, the

Integral criterion.



Uniform convergence test for series (Dirichlet)

00

A seriesZa,jn(x) uniformly convergesarp] if {an}n:1
n=1
IS a decreasing sequence converging to zero and if thal parti
sums of Y f (x) are uniformly bounded, that is, ifefary
=1

xO[a,b] and everyn, we have Y_f, (x)<M  whéde> 0.
n=1



