Power series

ian(x—xo)” :ao+ai(x—xo)+a2(x—xo)2 +a3(x—xo)3+...

n=0

IS called gpower seriewith the centre at, or centred arounx,

A power series centred around zero is a speciat cas

Y ax" =g, tax+ax +ax+--
n=0



When does a power seri€s a,(x-%,)" define a function?
n=0

()=, (x=x)

In other words, for whicl the resulting number series

Z a, (X = Xo)n converges ?

n=0

It certainly does at = x,since

> a,(x%-%) = 8,0=0

n=0 n=0



If a power serieian (x— xo)n converges at a [somx, , the
n=0

converges absolutely in the open inter(nq,l—\xo - a\ , Xq —\xo+ a\)

and converges uniformly in each closed interval

[Xo_ﬂ‘xo_a"xo+z9‘xo_au where 0<4<1
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Unless a power series. a, (X—x,)" converges at any real number,
n=0

a number > 0 exists such thap a, (x-x,)"  converges absalutely
n=0

for eachx such that\x— Xo‘ <r and diverges for any ather

This number is called the radius of convergence (@d I, %, +r)

Is the interval of convergence (E a, (X— Xo)n
n=0

Note: if a power series only converges at its centepute = 0.




Let ian (x—%,)" be a power series and kelim supﬁ
n=0

Then for the radius of convergencef » a,(x-%,)" we have
n=0

0O for A=o

|’:—>l for A#o

A
\oo for A=0

Note that if a, has a limit, them =limsupa, = lima,




Example

n

. . X
What is the radius of convergence of the power s@eﬁ

Inn-In(n-1) lnnl—l
) olime 1 =€’ =1

Inn

im%Yn=lime" =lim e




Example

n

. . X
What is the radius of convergence of the power s@er{]‘r'

Let k be an arbitrary natural number. Then,rior k we have
Kk
n! > kI k", This means thaf/n! > Yk {/k"™* = Q/Hkl "

K

Sincelim Yklk "=1[k=k ,we héigedn! >k fokany
. . 1
which means thatim (‘/ﬁ = 00 ahe lim | =0
yn!

Thus r =



Derivative of a power series

If we differentiate each term of the power serEsﬁn (X-Xo)n
n=0

. . — 1
we obtain a new power seriés na, (X - X )
n=0

This new power series is then called the derivative of angive

power series.




The power series

ian(x—xo)” :ao+ai(x—x0)+a2(x—xo)2 +a3(x—xo)3+...

n=0

and Its derivative

(0]

> na, (x—%)" =0+a, +2a, (X Xo) + By(Xx—X,) +---

n=0

have the same radius of convergence




ds(x)
ax

It Y a,(x=%) =s(x) thel na,(x-x)" =
n=0 n=1
for xD[—ﬂr,ﬁr] whereis the radius of convergence of

both the power series arftk J <1




SinceY na, (x-%,)" is again a power series with the identical
=1
radius of convergenaet has again a derivative in the

convergence intervat(, r). This derivative is again a power

series with the same radius of converganaed so on:

s(x) = ian (x=%,)" has derivatives of arbitrary order in its

n=0

convergence intervat(, r)




Example

1
We know that 1+x+x2+x3+---:1— for —1<x<1
— X

Differentiating the series term by term yields:

1+ 22X+ 3+ &5+ = 1 :
)
k!+(k+1)!x+(k+2)!X2+(k+3)!x3+...: k!

1! 2| 3! (1- x)“1



Integral of a power series

Let ¥ a,(x=%) =s(x) be a poweries witlr as the radius
n=0
of convergencélNe can integrate it term by term from Ixto

where |X|<r obtaining

[s() =3 ()

n=0

The radius of convergence of the resulting sesegjairr.




Example

If we integrate term by term the power series

_1 :1—X+X2—X3+...+(—1)n_1xn'1+...
1+ X

from O tox wherexJ(-1,1) , we obtain the power series

n(1+x)=x——+2 -2 (- g
2 3 4 n
Note that the resulting power series converges &en= 1

but not for x =1.



Example

If we integrate term by term the power series

1
1+ X°

=1-x°+ x4+ +(‘1)n_1 XA 4.

from O tox wherexJ(-1,1) , we obtain the power series

n-1
n-1 X

Tt

ArCtank = X - — + - +o (=]
3 5 7

Note that the resulting power series converges éen= -1
andx = 1.



The preceding formula can be used for calculatumgerically the

constantrsr

3 x> X

,
5 7
7—T:arctan1: 1—&+}——1
4 3 5 7

n-1
X n-1 X
arctanx = x—— + +---+(—) +...
3 h—-1

+...+(— )_n_l 211_ 1+...

4 4 4 m+(_1)n-1 4 ..
-1
However, this series converges very slowly antesdfore not at

all suitable for numerical calculation. To reacteasonable
accuracy of several decimal places probably sewdhans terms

would have to be calculated.




The reason is that we have to uss the end of the convergence
Interval. For practical calculations, better scheinave been
devised such as:

T=16arcta E — 4arct ni
5 239

This identity was discovered by Machin in the 18tntary.

(1 1,1 1 1 1 )
=16 -t — T |4
5 FB 506 507 809 5011

( 1 1 1 1 1 1 j
+4 — + — + — +... | =
239 23903 23905 23917 2391 9 239 11

=3.14159% 2615...
3.141592 653589 _ — —— pocket calculator valdg




a y
How Machin's identity can be derived: 9= arctar(;j
y
arctar{zj =0 In(x+iy) ? :
X L]
X
In(x+iy) =Inyx* +y* +ig
" This can be
(5+i) =24+ 9 oD verified by
239+ calculation

In[(5+i)4]=ln(2+2):> 4In(5+i)- In( 23%i)= I{ 2 P

4 arcta E — arct L = arct Hg -7
5 239 2 4



