Random variable
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Per sons chosen at random
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Height: 115 cm
Weight: 17 kg
No of children: 0O
Employed: No

Height: 195 cm
Weight: 98 kg
No of children: 4
Employed: Yes

Height: 170 cm
Weight: 80 kg
No of children: 2
Employed: No



Such guantities as

Height (cm)

Weight (cm)

Number of children (non-negative integer)
Employed (Yes/No)

are examples of random variables.

A random variableX assignes a real number to each outcome
In the sample space

Thus each random variable X is a mappmeg a number !!!.

ForawdQ, X(w) is called an implemériaf the random
variableX.
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e, }={wDQ|X(@)<a}={ X <a]



{XOla,b)} ={X <b}-{X <a}

Random variables are very often used to defineetalod a sample
space. We need these subsets to be events inefipess-field of
events so we we want a random variable to satisBdalitional
condition:

Given a probabilistic spad®@ =(Q ,S ,P)
a mappingX : Q -~ R is called a randomaide if

{X<a}lOs foreveryalR




Not every mappingX :Q -~ R Is a randamable as illustrated
by the following example

Experiment

We are rolling two dice, one red and one blue.dtednining
what is and what is not an event, we don’t difftisee

between the colurs, that is, if for example thecoote Red=6,
Blue=4, is favourable to an evdatthen so is the outcome
Red=4, Blue=6We take every subset satisfying this condition
to be an event. It can be proved that, in suchyg wa have

de fined ao-field S .




Let us define a mapping assigning to each outcome a number
In this way:

X(R=m,B=n)=2m+n
In other words, the red die counts twice as much.

Now it is easy to see that
E={ X <17} =Q-{(Rec=6,Blue=5),(Rec=6,Blue=6)}
However X ({Red=5, Blue=6}) = 16 and so {Red=5, Blue=6[,

which means that the sub&ethot being inS, is not an event and
IS not a random variable.



Distribution function

Let a probabilistic spade =( Q,S ,P ) and a random
variableX be given. Define a real functid#(x) of a real
variable as follows:

F(x)=P{eOQ| X(«)<x})=P(X < x)
F(X) is called the distribution function of the randeariableX.

In other wordsF(X) is the probability of the outcome of an
experiment to be in the intervel-», x)



Let (Q,S,P) be a probabilistic spa¥es random variable
andF(x) its distribution function It follows from the
definition of F(X) and from the properties &fthat we can

write

P{e0Q|a< X(«w)<b})=P(a< X <b)=F(b)-F(a)







Properties of a distribution function

Every distribution functiori-(x) has the following properties:
1) F:R- [0

2) F(X) Is non-decreasing

3) F(X) Is continuous on the left

4) lim F(x)=0

X — —00

5) lim F(x)=1

X — 00



The distribution functiori-(x) of a random variablX is a very
useful tool since it can be used to determine thbability of
the outcome of an experiment falling into an adwitrinterval
[a,b), which In pratice is all we need to determine phabability
of every event of practical importance.

In fact, in most cases the probability P conneutgld a random
variableX is actually defined through its distribution furosti
F(X).

For practical purposes, we often define two speag@@s of a
random variable:

- discrete random variable

- continuous random variable




Discrete random variable

The rangaR(X) of a discrete random variab¥as a countable
subset of discrete real numbers, thaR(X) does not contain any

Interval.




Discreterandom variables

POPULATION

Per sons chosen at random

L

“Heighte——15cm
Weight——T17kg

No of children: O
Employed: No

No of children: 4
Employed: Yes

No of children: 2
Employed: No



For a discrete random variabfe we define theprobability function
p(x). For everyallR we put

p(a) =Pl «0Q|X(w)=a})=P(X =a)

The probability functiomp(x) of a random variabl¥ is non-zero
only at points belonging tB(X).

tP
1__




Let(Q,S,P) be a probabilistic spaceX a discrete random variable,
p(X) its probability function anéF(x) its distribution function.
Denoting byR(X) the range oK, we can write for ang<b

> p(x)

XDR Dx<a

> p(x) -F(a)=P(a< X <b)

XDR Dx>an<b
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Continuous random variable

The rangdR(X) of a continuous random varial¥as an interval or

the union of several intervals.




Discreterandom variables

Height: 115 cm
<’D Weight: 17 kg

POPULATION/‘@]}??%’ Employed: —Ng~

Height: 195 cm
Weight: 98 kg

Height: 170 cm
Weight: 80 kg
W

Per sons chosen at random



Let X be a continuous random variable wWil{x) as a distribution

function. If a functiorf (X) exists such that

F(x)= j f (t)dt

we say that (x) is the density of random variabte




Let(Q,S,P) be a probabilistic spakes continuous random variab
f (X) its density function an8 (x) its distribution function. Then we

can write for anp <b

f(x)dx=1

glg"—-o8

f(x)dx=F(b)-F(a)=P(a< X <b)
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