Random vector

POPULATION

Per sons chosen at random

0(b

L

Height: 115 cm
Weight: 17 kg
No of children: 0O
Employed: No

Height: 195 cm
Weight: 98 kg
No of children: 4
Employed: Yes

Height: 170 cm
Weight: 80 kg
No of children: 2
Employed: No



The sequence of random variables
X, = Height
X, = Weight
X3 = Number of children
X, = Employed

IS an example of a random vector.

Generally, a random vectot =(X,, X,,..., X,) assigns a
vector(X,, X,,...,%.) of real numbers to each outcomig Q

Q
X

"RxBRXx...XR

B

n times




Given a probabilistic spade =( Q,S , P ), a mapping
X =(X,X,,....%X ):Q - R
IS called a random vector if
{X,<a}n{X,<a}n...n{X <a}OS

for every allR



Probability distribution of a random vector

Let us consider a probabilistic spaee=(Q ,S ,P)
for a random vectoX =(X,, X,,..., X.) we define its

probability distributionF(x,, x,,...,x ) s llows

F(X,%y,...,%X )=P(X, <x CX,<x[C..CX, <x)



Properties of the distribution of a random vector

The probability distributiofF (x , x,,...,x_ ) of a random
vector X =(X,, X,,...,X.)  has tbkowing properties

I F(x.,X,,...,x ) is increasing and continuous on the left
In each of its independent variables

I lim F(x,%,,...,x )=0,i=12,...,n

I lim F(x,X,,...,x, ) =1



Discreterandom vectors

A random vectoiX =(X,, X,,..., X ) is called discrete if its

range is a finite or a countable set of real vector

For a discrete random vector, we can define thbgimtity
function P(X, Xz, %)

P(X, %0, % )=P(X, =X CX,=xLC...CX, =x)



The relationship between a probability distributaon
probability function

> pltyt,,...t,)

ty<x ..t <X,

F (%0 X1 %)




Continuous random vectors

A random vectoiX =(X,, X,,...,X_) is called continuous if

Its range includes a Cartesian produat oftervals

[ai’bl]x[az,bz]x..,x[ambn] TR

If a function f (X, %,,...,X.) exists such that

X1 Xn

F(xl,xz,...,xn):j ---jf(xl,xz,...,xn)dxl...dxn

—00 —00

we say thatf (X, %5,..., %) s the probability density of

the random vectoX =(X,, X,,..., X_)



Marginal distributions

For a random vectox =(X,, X,,..., X,,) with a distribution

F(x,X%,,...,x,) we define marginal distributions

Xn—>0°

F.(x) isalimit of F(x,X,,.

X tending to infinity

..,%.) with all variables except



If a random vectoX =(X,, X,,..., X.) is discrete, we define

its marginal probability functiong,(x,), p,(X,).-.., p,(X.)

p(x)= Zp(é,x,---,xn)

X ye s X212 XK 4100+

where the summation is done over all the valudbefrariables

Xiyeror X gy Xosgyeney X,



If a random vectoX =(X,, X,,..., X, ) is continuous, we define

its marginal probability densitied,(x,), f,(x,),..., f.(x )

:TTT ]2 Xl Lax_,dx,, ... dX,

By considering a marginal distributidﬁ(xi) f acrandom

vector X =(X,, X,,...,X,) we actually define a single random

variableX by "neglecting” all other variables.



Example fom =2

Let (X,Y) be a discrete random variable wihaking on values
from the set {1,2,3,4}Y from the set {-1,1,3,5,7} and the
probability function given by the below table. Gakte the
marginal probability functions of the random vatedX andY.

0,008 | 0,02 0,24 0,13

0,02 0,001 0,021 0,114
0,11 0,022 0,014 0,002
0,013 | 0,115 0,003 0,01

N 0w R A

0,003 0,01 @ 0,05 0,094




1 2 3 4 P2(y)

0,02 0,24 0,13 | 0,398
0,001 0,021 0,114 § 0,156
0,022 0,014 0,002 § 0,148
0,115 0,003 | 0,01 § 0,141
0,01 0,05 0,094 ] 0,157

0,154 | 0,168 | 0,328 | 0,35 1




Let X =(X,,X,,...,X.) be arandoactor with adistribution

F(X,X%,,...,x,) and marginal distributions

Fi(%) Fa(% ), Fo(X,)

If F(Xl’XZ""’Xn): Fl(xl)FZ(XZ)"‘Fn(Xn) we say that

X, X,,..., X, are.independent random variables

If X, X,,..., X, are independent and have a probability
functionp or densityf, it can be proved that also

P(X0: X1 %) = P (X) B, (%, ).... P () or
f (X0 %0 %) = 104) T (%, ). £ (x,)



Correlation coefficient of two random variables

Let us consider a random vectdtY) with a distributionF(x,y).
Using the marginal distributioris(x,y) andF,(x,y) we can define
the expectanciels(X) andE(Y) and varianceB(X) andD(Y). We
define the covariancaf the random vectoiX(Y)

cov(X,Y) = E(XY) —E(X)E(Y)

with

o0 ©0

E(XY)= Z;Kyj p(x,y.) or E(XY)= jjxyf(x, y) dxdy

—00—00

depending on whether (X,Y) is discrete or contirgiothen
p(x,y)or f(x,y) is the probability function or density.



The correlation coefficient is then defined as

(X,Y) has the following properties

o

-1< p(X,Y)<1
X ancY areindependet = p(X,Y)=0
Y=aX+b,a>0= p(X,Y)=1

@ © 00

Y=aX+h,a<0= p(X,Y)=-1



Example

Calculate the correlation coefficient of the disereandom vector
(X,Y) with a probability function given by the belovbta

-1 0,008 0,02 0,24 0,13

1 0,02 0,001 | 0,021 0,114
3 0,11 0,022 0,014 0,002
5 0,013 0,115 0,003 0,01
7 0,003 0,01 0,05 0,094




X
y 1 2 3 4 1 pay)
-1 0,02 0,24 0,13 | 0,398
1 0,001 0,021 0,114 | 0,156
3 0,022 0,014 0,002 | 0,148
5 0,115 0,003 0,01 | 0,141
7 0,01 0,05 0,094 ] 0,157

P 1(X) 0,154 0,168 0,328 0,35 1

E(X) = 2,874 E(X?) = 9,378  D(X)= 1,118124
E(Y )= 2006 E(Y?)= 13,204 D(Y)= 9,079964

E(XY) = 5,168 cov(X,Y)= -0,59724 r= -0,18744




Note that, generally, it is not true tha@(X,Y) implies that X
and Y are independent as proved by the followirangxe

X
Y
-1 0,1 0,15 0,05
0 0,2 0,1 0,1
1 0,15 0,05 0,1
P 1(X) 0,45 0,3 0,25

The correlation coefficient is zero as can be gasiculated,
but we have, for example, (1) p,(-1) =(0.45)(0.3) =0.135# 0.1

so thatX andY cannot be independent.



