Euclidean space

Euclidean space is the set ofr@luples of real numbers, formally
E, ={[% X0, %] IX ORI =1,2,.. n}

with a number calledistanceassigned to every pair of its
elements. Formally, if X :[Xl,Xz,... ,Xn] Y =[y1,y2,... ,yn] we

define

P(XY) = (% = Vi) + (= ¥5) -+ (%, v, )’
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The elements of a Euclidean spac@re sometimes referredg

as points. Geometrically, the following identificats are done:
/

E, with a straight line

E, with a plane

E; with our 3-D space




The distancep has the following properties:

e p(X)Y)=0
®  p(X,Y)=p(Y,X)
@ p(X)Y)=0e X=Y

o pPX\Y)+p(Y,Z)z2p(X,Z) e



The first three properties follow almost immedigfddut the fourth

one, which is called a triangle inequality, regsiseme effort:

In the sequel, we will assume that the summatiorc@sdalways

range from 1 ta. We will start with the following inequality,

which Is obviou%('
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Holder’s inequality

Ya'yn'z(Yan)

We will now use it to finish the proof of the trigle inequality, that

s, p(X,Y)+p(Y,Z)= p(X,Z) By definition:

V=% (v -2) 2 (% -2)’

Minkowski's inequalit
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e+ Xn 2y (a+h)

Substitutinga. = x —y.,b =y, —z indily yields

S -v) S -2) 2 (% -2)°




Neighbourhood of a point i,




Open sets

LetM OE, . If, foranyx OM themeans >0 such that

N(X,e)OM

we say thaM is anopen sein E,.

In other words, a sé is open If,
with every point, it contains at

least one of its neighbourhoods.



Examples

M O E, given by the equationx® + y* <4 is an open set.

ONO

whereasC O E, given by the equatior+ y°< 4 is not.



Complement

The complement of a sét LI E_ will be dedddy c\).

It is the set of all the points iE, that acg m M.




Distance of a point from a set

Let Abe a pointirE, andM O E, . We define the distancé\of
from M as the greatest lower bound of the distancésfodm

the points iNM. Formally:

p(AM)=glb{ p(A X)X OM]




Example

M:x°+y°<1 M:x°+y°<1

r=1,x, A r 15& A
; /\ ;
p(AM)=2

The point at which the glb is
realised ishot in M.

The point at which the glb is
realised isn M.




Distance of two sets

The distance of two sefgl ,N [ E_ IsiuEdi as the
greatest lower bound of the distances betweenmi

and points ifN. Formally

p(M,N)=glb{ p(x,y) xOM OyON]}




Closure of a set

The closureM ofasét OE, is defias the set of all the

points INE_ such that their distance frivims zero.
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Note thatM  will certainly contain all the pts fromM ,
but, in addition, may contain points nothNhbut close

enough to it so that their distance frdMns zero. Thus we

haveM O M




Closed sets

If, foran M O E. , we haveM =M we say thaM is closed

Another equivalent definition of a closed set iatth setM L E,

IS closed if its complemer{M) is open.




Examples

M :|x<10y|<1

M :|x <10|y|<1

M :|x <10yl <1

1

M 1

a closed set

M 1

an open set

neither
closed nor
open set



Border of a set

The bordeB of a setM [ E, Is defined as the set ol
border points where a border point is a point whenay

neighbourhood contains points botiMinand outsidé\.

Another, more formal, definition may be the followi

B=M nc(M)
that is,B iIs composed precisely of those elements that lile imo

the closure oM and the closure of its complement.




Interior of a set

The interiori(M) ofasetl OE, idided asM without its

border points. Formally, we can wrii¢M ) =M —c(M )




Finite unions and intersections

The union or intersection of a finite number of DBets is again

an open set.

The union or intersection of a finite number ofsgdd sets Is

again a closed set.




Unions of arbitrary classes of sets

The union of an arbitrary class (eviefinite) of open sets

IS again an open set

The union of an arbitrary (infinite) class of cldssets

may not be a closed set




Example in

If M. :[_1+%’1_ﬂ ther{] M, =(-1,1)

Indeed, for are >0 |, clearly, aexists such that




Intersections of arbitrary classes of sets

The intersection of an arbitrary class (even iténof

closed setss again a closed set

The intersection of an arbitrary (infinite) clagopen

setsmay not be an open set




Example in

1, 1

If M, :(—1—_—,1+_—j therifjl M, =[-1,1

Clearly, anyx such thatx/ <1 lies in all the sés




