Diferencial a Tayloruv polynom Resené piiklady

5. Diferencial a Tayloriv polynom

Priklad 5.1. Spoctéte diferencidly funkci f v daném bodé A.

a) flz,y) =22 A=3,2]
b) f(x,y) = arctg £, A=[2,1].

¢) fla,y,2) =2, A=1[1,24].

Regend.
a) Spocteme parciélni derivace funkce f(z,y) = mza:yyz v bodé A = [3,2]. Plati f, = W =
= T p(A) =18, fr(A) = ool s a) = 13 Diferencidl je tvaru dj, f(A) =
f1(A)dz + f}(A)dy. Dosadime. Plati dj, f(A) = 12dz — 13dy.
b) Spocteme parcidlni derivace funkce f(z,y) = arctg% v bods A = [2,1]. Plati f, = 1+( s % =
zzyTyQ,f;(A) = é,f;(A) = ﬁ = ﬁ,f;(/l) = —=£. Diferencidl je tvaru dhf( )=

-3
= fz(A)dx + f,(A)dy. Provedeme dosazeni. Plati dp, f(A) = tdz — 2dy.

c¢) Spocteme parcialni derivace funkce f(z,y,z) = L\E’ v bodé A =[1,2,4]. Plati f, = f’ fi(A) =
=1, fy(A) = %,f;(A) =—1fl= —%,f;(fl) = 11—6. Diferencial je tvaru d f(A) = fL(A)dx +
+ f(A)dy + fL(A)dz. Provedeme dosazeni. Plati dj, f(A) = jdz — 1dy + {xd=.

Priklad 5.2. Spoctéte druhé diferencialy nasledujicich funkeci.

Resend.
a) Spocteme druhé parcidlni derivace funkce f(x,y) = e*=¥". Plati fr= e’ fo= —2ye” Y’ v =
= eV, vy = —2ye™ Y foy = e”_yz( 2y)(—2y) + e”_yz( 2) = (4y* — 2)e*~ v*. Druhy difere2nciél je
tvarud? f = f/ dx®+2f” ydody+ f) dy Provedeme dosazeni. Plati d? f = e®~ v dr? — —4ye® ¥’ dady+

(4% — 2)e* V" dy .

—2x "

b) Spocteme druhé parcidlni derivace funkce f(x,y) = ifl= (ziii;)?’ [y = i Jre =

(x+4y)3, - H’ vy = (z+y) Druhy dlferenmal je tvaru d} f = fI.da® + 2] dedy + f},dy>.

Provedeme dosazeni. Plati d? f = (w+y)3 da? + 7 (w+y)3 dacdy + (w+y)3 dy?.

c¢) Spocteme druhé parcialni derivace f(z,y) = zIn¥. Plati f, = lnyx +z-%-H =mn¥-1, Iy

1 _ o _ 1 zy _ =1 " 1_1 "o —
L=z = T # =51 cL = = =£. Druhy diferencidl je tvaru d? f =

x .
x y? Jyy
n da? + 2f! rydrdy + f) dy Provedeme dosazeni. Plati d2 f= 1dx + idxdy — yidy .

) \w\»—t
8 ke

Priklad 5.3. Spoctéte rovnici te¢né roviny a normély ke grafu funkce f v daném v bodé A.
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a) f(x,y) =a*+22%y — 2y + 2, A =[1,0].
b) f(z,y) =In(2? +y?), A =[2,1].

a) Spocteme parcidlni derivace funkce f(z,y) = 2* + 22%y — 2y + x v bodé A = [1,0].
Plati f! = 423 +
+dzy —y+1, f1(A) =5, f1(A) = 22° —x, f;(A) = 1.
Dopoéitame z-ovou soufadnici zg = f(A) = 2.
Rovnice te¢né roviny ma tvar z — zo = f;(20,%0)(* — o) + f,,(z0,%0) (¥ — v0), kde A = [z, yo]-

Provedeme dosazeni. Plati z — 2 = 5(x — 1) + 1(y — 0). Odtud plyne 52+ y — z — 3 = 0. Nyni nalezneme

rovnici normély. Jeji obecnd rovnice je tvaru w0~ = Y0 — 2%
Y- € J Fi@owo) — Fy(@owo) . —1
Po dosazeni dostéavame —’”gl = % = 2:12. Ulohu o nalezeni normaly lze Fesit také tak, 7e z rovnice

teéné roviny 5z + y — z — 3 = 0 napiSeme normdlovy vektor n = (5,1, —1). Pak vektorovd rovnice
normaly v bodé [1,0,2] je tvaru [z,y, 2] = [1,0,2] + #(5,1,—1),t € R. Tedyparametrické rovnice jsou

o _ _ o ‘. ‘oz « 1y _ 22
r = 1+5t,y = t,z = 2—t. VylouCenim parametru ¢ a porovnanim dostavame opét vztah == = ¥ = ==¢.

b) Spoéteme parcialni derivace funkce f(x,y) = In (2? 4+ y?) v bodé A = [2,1].
Plati f; = 2, fi(A) = 3. £,(4) = . f(A) = §.
Dopoéitame z-ovou soutfadnici zg = f(A) = In5. Provedeme dosazeni do rovnice tecné roviny. Plati
z—Inb5 = 2(z —2) + 2(y — 1). Odtud plyne 4z + 2y = 5z — 5(2 — In5) = 0. Nyni nalezneme rovnici

5
normaly. Plati 5(964_2) = 5(y2_1) = Z:li’f’

Priklad 5.4. Spoctéte Taylortv polynom Tj(z,y) funkce f(z,y) =In(7z — 3y) v bodé A = [1,2].

Reseni. Uréime pottebné parcialni derivace funkce f(x,y) = In (72 — 3y) v bodé A = [1,2].
Plati fal: = 7m33y’f€;(A) =T, fgl/ = 7;E:33y7f7;(‘4) = =3
Dilede =x—1ady=y—2.

Diferencial funkce f v bodé A je tvaru dy, f(A) = f;(A)dz + f,(A)dy = 7dz —3dy = 7(z - 1) - 3(y —2) =
= Tz — 3y — 1. Provedeme dosazeni do vzorce pro Taylortiv polynom Ti(z,y) = f(A) + d,f(A). Plat
f(A) =In1=0. Odtud T3 (z,y) = Tz — 3y — 1.

Priklad 5.5. Spoététe Taylortiv polynom 77 (x,y) funkce f(x,y) = v/e* +sin2y v bodé A = [0,0] a s jeho

pomoci uréete y/+/e + sin 1.

Reseni. Spocteme parcidlni derivace funkce f(z,y) = \/e* +sin2y v bodé A = [0,0].
Plati f, = bt A) = 1y = 3 A iy =1
Dale dxr =z a dy = y.

Diferencial funkce f v bodé A mé tvar dy, f(A) = fL(A)dz + f,(A)dy = 3dz + dy = £ + y. Dosadime do
vzorce pro Taylorav polynom T;(z,y) = f(A) + %dhf(A). Plati f(A) = VeV +sin0 = 1. Odtud Ty (z,y) =
1+5+y.

Nyni ziejmé \/ve +sinl = f(3, )~ T}, ) =1+1+2=

N

Priklad 5.6. Spoctéte Tayloriv polynom Ts(x,y) funkce f(z,y) = a¥ v bodé A = [1,1].

Resend. Uréime potiebné parcidlni derivace funkce f(z,y) = ¥ v bodé A = [1,1].
Plati f = ya¥~', f1(A) = 1, f; = Inx - a¥, f}(A) = 0;

_ ) _ _ oy-1 -1 _ _ 2 _
o=yly—1)av== f (A) =0, g’c’y =2Vt +ylng - a2¥ g’c’y(A) =1, ;’y = (Inx)?a¥, zl//y(A) =0.
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Daleder=x—1ady=y—1.

Odtud plyne, zZe diferencidly potfebné k sestaveni Taylorova polynomu maji tvar dp, f(A4) = f.(A)dz +
+f1(A)dy = 2—1,4d; f(A) = fI,(A)dz?+2f7, (A)dedy+ [, (A)dy® = 2(x—1)(y—1). Diferencialy dosadime do
vztahu pro Taylortv polynom Ts(z,y) = f(A)+ %dhf(A) + %dif(A) a upravime. Plati To(z,y) = zy —y+1.

Piiklad 5.7. Spoctéte Taylortiv polynom Ty (x,y) funkce f(z,y) = /22 + y? v bodé A = [3,4] a s jeho
pomoci uréete /(2.98)2 + (4.05)2.

Reseni. Uréime potiebné parcialni derivace funkce f (a: y) = a2+ y% v bodé A = [3,4].

1252 Jyy [(24y2)3 7 " YY

diferencidly potfebné k sestaveni Taylorova polynomu maji tvar dj f(A) = f,(A)dz + f, (A)dy =

= 30— 3)+ 40— 4), A7) = L (AN + 212, (A)dady + £, () = Hi(o— 37 — (o =)o -
—4)+ ﬁ(y 4)2. Diferencialy dosadlme do vztahu pro Tayloriv polynom Ts(z,y) = f(A) + .dhf(A) +
+ 37 f(A). Dostévame To(z,y) =5+ 2(x = 3) + 2 (y — 4) + 595 (x — 3)? — Z5(x — 3)(x — 4) + 555 (y — 4)°.
Daéle 1/2.982 + 4.052 = T5(2.98,4.05) = 5 +0.028 + 0.0002116 = 5.0282116. Hodnota z kalkulacky je pfiblizné
5.028210417.

_ T _ 3 _ _ 2 16 _ —x
I = o ) = o8y = A ) = AL b L = e £ =
wy(A) = 22l = ——E— fI' (A) = 3. Déle plati dz = = — 3 a dy = y — 4. Odtud plyne, Ze

Piiklad 5.8. Spoctéte Taylortiv polynom T3(z,y) funkce f(z,y) = e*T¥. v bodé A = [1, —1].

Reseni. Parcialni derivace funkce f(z,y) = e**¥ potfebné k uréeni diferencidléi nalezneme snadno. Plati
f=fo=1=fio = 1oy = fiy = fare = foay = fagy = foy = 7. f(A) = f2(4) = fi(A) =
— /I(A): //(A): //(A): " (A): /// (A): " (A): ///(A):l.

Déleplatide =z —1lady=y+ 1.
Diferencialy maji tvar dj f(A) = fx( )da + f;(A)dy = (x — 1) + (y + 1), df f(A) = fI,(A)dz® +

+2f7,(A)dedy + fi, (A)dy® = (x—1)* +2($*1)(y+1) +(y+1)?, d} f(A) = é’éz( o 13 oy (A)dz*dy +
+3 ;’;y(A)dxdy + i (A)dy? = (x =1 +3(z — 1) (y+ 1) + 3(x — 1) (y + 1)> + (y + 1)°.

Spoctené diferencialy dosadime do vztahu pro Tayloriv polynom T3(z,y) = f(A) + &ds f(A4) +
+ 2|d,zlf( )+ 3,di’Lf(A). Odtud T3(z,y) =1+ (z — 1)+ (@ + 1)+ i[(z —1)*+2(z - D(y+ 1) + (y +
+1)% + 5l = 1)? +3(z = 1)*(y + 1) +3(z = 1)(y + 1)* + (y + 1)°].

Pfiklad 5.9. Spoctéte Taylortv polynom T3(z,y) funkce f(z,y) = sinz cosy v bodé A = [0,0].

Reseni. Uréime potiebné parcidlni derivace funkce f(z,y) = sinxcosy v bodé A = [0,0].
fr =coszcosy, f,(A) =1, f, = —sinzsiny, f,(A) =0, f}, = —sinz cosy;
ve(A) =0, f}, = —coswsiny, f;, (A) =0, f;, = —sinxcosy, f; (A) = 0;

" —_ 1 _ 1 _ : : " _ " _ 1 —_

ree = —coszeosy, fi.(A) = =1, fiI, = sinzsiny, fi7, (A) = 0, f7, = —coszcosy, fi,,(A) = —1,
"o 3 " —

vy = sinzsiny, fi7 (A) = 0.

Dale plati de = x a dy = y.
Diferencialy potifebné k sestaveni Taylorova polynomu maji tvar dy, f( ) = fi(A)dz —l— Iy (A)dy =1-

r+0-y = djf(A) = fil,(A)da? + 2f (A)dazdy + [} (A)dy®> = 0-2> +0-zy +0-y? —07 d3 f(A) =
m (A)dz3+3 g’c’;y(A)dx2dy+3 ;’éy(A)dmdy + oy (A)dy® = =1-23+43-0-2%y+3(—1)zy*+0-y° = —m?’ 3zy?.

Dosadime do vztahu pro Taylorﬁv polynom Ts(z,y) = f(A) + +dnf(A) + %d2 f(A) + 3d} f(A).

Plati T3(z,y) = = — g2 — Lay?.

Priklad 5.10. Spoc¢téte Tayloriv polynom T5(z,y) funkce f(x,y) = e*siny v bodé A = [0, 0].

Reseni. Uréime potiebné parcidlni derivace funkce f(z,y) = e®siny v bodé A = [0,0].

fr=e"siny, f1(A) =0, f, =e"cosy, f,(A) =1;
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v = €7siny, fil.(A) =0, fi, = e" cosy, f, (A) =1, f;, = —e®siny, f, (A) = 0;

" AT &% " _ 11 AT " — n _ T o3 " _ " _
e =€ siny, fi' (A) =0, ray = €7 COSY, my(A) =1, fily, = —€siny, xyy(A) =0, fygy =
_ x " o
= —e”cosy, f,(A) = —L.

Dale plati de = x a dy = y.

Odtud plyne, Ze diferencidly potfebné k sestaveni Taylorova polynomu maji tvar dp, f(4) = f.(A)dz +
+fy(A)dy =0-2+1-y =y, d2f(A) = fr (A)dz?+2 oy (A)dzdy + %(A)dy2 =0-2242-1-2y+0-y2 = 22y,
d} f(A) = fill(A)da® 4 3110 (A)dady + 3f1y, (A)dzdy® + f1 (A)dy? =0-2° +3-1 -2y +3-0- 2y +
+(=1) - y? = 3a?y — y°.

Spoctené diferencidly dosadime do vztahu pro Taylortv polynom T3(x,y) = f(A) + %dh flA) +
+ i f(A) + 5d3 f(A).

Plati T3(z,y) =y + 5(22y) + 532y — y*) =y + 2y + 2%y — 5v°.
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